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ABSTRACT 


An  analytical  study  is  made  of  the  behavior  of  a  certain  class  of 
RLC  networks  which  contain  a  theoretical  nonlinear  negative  capacitance  along 
with  various  possible  combinations  of  constant  parasitic  elements  that  are 
certain  to  be  present  in  any  physical  realisation  of  this  type  of  capacitance. 
The  theoretical  capacitor  is  deflated  in  terms  of  its  charge- voltage  relation- 
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ship,  lie.,  e  =  -aa  +  bq° , _ where  e  is  the  voltage  across  the  terminals  of 
the  capacitor,  q.  is  the  charge  associated  with  the  capacitor,  and  a  and 
b  are  arbitary,  positive,  real  constants. 

This  study  is  directed  toward  an  evaluation  of  the  usefulness  of  a 
nonlinear  negative  capacitance  in  a  network  to  accomplish  either  amplifica¬ 
tion  or  oscillation  or  switching. 


In  order  for  a  network  to  be  useful  as  an  amplifier,  its  small- 
signal  model  must  be  stable.  Therefore,  foi  this  part  of  the  study  the  non¬ 
linear  capacitor  is  represented  by  a  linear,  negative  capacitance.  Of  the 
twenty-four  networks  defined  for  this  study  only  two  are  found  to  be  possi¬ 
bly  stable.  Both  of  these  networks,  and  only  these  networks,  have  a  posi¬ 
tive  capacitor  in  series  with  the  assumed,  negative  capacitor. 

Singular  point  analysis  discloses  that  any  of  the  defined  networks 
may  have  two  stable  equilibrium  points.  This  is  the  basic  criterion  for  a 
bistable  device,  so  the  conclusion  is  that  nonlinear  capacitance,  like  non¬ 
linear  resistance,  can  be  used  effectively  to  const ruct  a  switching  circuit. 
Phase  plane  plots  of  one  of  the  second  order  networks  are  included  to  illus¬ 
trate  switching  from  each  stable  singularity  to  the  other. 

It  is  proven  by  phase  plane  methods  that  none  of  the  second  order 
systems  can  support,  a  sustained  oscillation.  .An  argument  based  on  energy- 
relationships  and  on  the  nonos dilatory  nature  of  the  second  order  networks 


is  presented  to  show  that  none  of  the  third  order  networks  can  serve  as  os¬ 
cillators.  Eence,  the  results  here  indicate  that,  unlike  negative  resis¬ 
tance,  negative  capacitance  cannot  be  used  as  the  mechanism  by  which  oscil¬ 
lation  is  induced  in  a  passive  network  which  contains  dissipative  elements. 

A  nonlinear  negative  capacitance  has  been  realised  by  means  of 
a  transistor  negative  impedance  converter  circuit.  From  analysis  of  the 
negative  impedance  converter,  the  lumped  model  of  the  negative  capacitance 
is  predicted  to  be  a  nonlinear,  frequency-dependent  resistor  in  series  with 
rt.  noi.'.-h u.  £ic  b,z*  y  queue y- dependent  negative  capacitor.  The  locus  of  the  tip 
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of  the  complex  impedance,  as  a  function  of  frequency,  is  predicted  in  this 
analysis;  this  locus  was  subsequently  verified  by  AC  steady  state  measure¬ 
ments  in  the  laboratory.  Although  not  considered  in  the  analytical  study, 
the  effect  of  unavoidable  stray  capacitance  was  seen  in  the  experimental 
results . 

The  square  wave  response  of  the  negative  impedance  converter  is 
also  obtained,  and  a  relationship  between  the  steady  state  square  wave  re¬ 
sponse  and  the  values  of  the  model  is  derived. 
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NONLINEAR  NEGATIVE  CAPACITANCE 

1  . 1  I  nt  roduct i on 

The  concept,  of  a  negative  circuit  element  is  not  new. 

J .  L.  Merrill  first  reported  the  idea  of  using  active  circuit 
elements  (i.e.,  vacuum  tubes)  to  control  the  vol tage-cu r rent 
relationship  at  a  pair  of  terminais^in  order  to  make  the  im¬ 
pedance  seen  at  that  terminal  pair  equal  to  the  negative  of  an 
impedance  placed  elsewhere  in  the  network, '  This  impedance  con¬ 
verter,  or,  more  descriptively,  negative  impedance  converter, 
was  sed  to  obtain,  negative  resistance  which  was  successfully 
usee  in  telephone  repeater  amplifiers. 

As  transistors  became  reasonably  reliable  for  mass 
production,  it  was  only  natural  that  transistor  negative  imped¬ 
ance  converters  be  considered.  J.  G.  Linvill  wrote  a  classic 
paper  on  transistor  NIC’s  (negative  impedance  converters);^ 
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J.  L,  Merrill,  ’’Theory  of  Negative  Impedance  Con¬ 
verters,”  Bell  System  Technical  Journal,  Vol.  30  (Jan.,  1951), 
pp.  88-109.  ' 
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J.  «.  Linvill,  "Transistor  Negative  Impedance  Con¬ 
verters,”  Proc .  I  RE,  Vol.  41  (June,  1953),  PP.  725-729. 
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this  paper  is  primarily  concerned  with  negative  resistance,  as 
is  a  later  paper  by  Li nv  51  1  3  which  describes  the  use  of  negative 
resistance  as  a  circuit  element  to  realize  various  transfer 
functions  of  an  RC  filter.  Other  examples  of  the  use  of  nega¬ 
tive  resistance  include  a  nonlinear  phase  shift  circuit  re- 

k 

ported  by  Barbiere. 

On  a  more  theoretical  basis,  Larky3  presented  a 
method  whereby  the  effect  of  undesirable  parasitic  elements  as¬ 
sociated  with  the  NSC  might  be  reduced  or  possibly  eliminated. 

g 

L undry  furnished  some  basic  relationships  in  terms  of  the  four 
terminal  network  parameters  concern  i~ng  the  analysis  of  NIC's  as 
well  as  their  practical  realization. 

vhe  preceding  ref e rente s  .a  11  refer  to  a  negative  im¬ 
pedance  obtained  by  means  of  an  NIC.  However,  the  concept  of 
negative  linear  capacitance  (and  negative  linear  inductance) 
has  been  used  in  the  analysis  of  solid-state  masers,^ 

^J.  G.  Linvill,  "RC  Active  Filters  in  Which  the  NIC 
Uses  Transistors,"  Proc.  1  RE,  Vol.  42  (March,  1954),  pp.  555-564 

4 

R.  G.  Barbiere,  "A  Graphical  Analysis  of  a.  Nonlinear 
RC  Phase  Shift  Feedback  Circuit,"  Proc,  IRE,  Vol.  43  (June. 

1955),  PP.  673-683. 

.  1,  Larky,  "Negative  Impedance  Converters,"  Trans. 
[RE,  PGCT  (Sept.,  1557),  PP.  124-131. 

6W.  R.  Lundry,  "Negative  Impedance  Circuits — Some 
Basic  Relations  and  Limitations,"  Trans.  IRE,  PGCT  (Sept.. 

1957),  PP.  32-139. 

^R .  L.  Kyhl,  at  al.,  "Negative  L  and  C  in  Solid  State 
Masers,"  Proc .  i  RE ,  Vol.  58  (June,  I96  0,  p.  1157,  with  correc¬ 
tion  Proc .  1  RE ,  Vol.  60  (July,  1962),  0.  16C8. 
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Much  work  has  also  been  done  concerning  negative 
elements  In  general  without  regard  to  how  they  might  be 

g 

realized.  An  article  by  Manley  and  Rowe  gives  some  general 

g 

energy  relatlonshl ps  for  any  nonlinear  elements;  then  Rowe  ex¬ 
tends  this  paper  to  Include  small  signal  analysis  of  nonlinear 
cl rcui t  elements  . 

Finally,  McDonald  and  B  rachmart  *  ®  discuss  nonlinear 
capacitance  specifically,  although  their  article  is  restricted 
to  the  charging  of  a  theoretical  nonlinear  positive  capacitor. 

Various  descr I b i ng-f unct I  on-type  approaches  have  been 
devised  In  order  to  apply  some  of  the  theory  of  linear  circuits 
to  the  study  of  nonlinear  systems,  e„g.,  in  a  paper  by  Thomsen 
and  Schlesinger^  an  approximate  solution  of  a  network  which 
contains  nonlinear  reactive  elements  Is  obtained  by  use  of  some 
of  the  concepts  of  linear  network  theory. 

^J.  M.  Manley  and  H.  E.  Rowe,  !,Some  General  Proper¬ 
ties  of  Nonlinear  Elements.  Part  i--Genera1  Energy  Relations, ff 
Proc .  8 RE ,  Vol .  44  (July,  1956),  p.  904. 

^H.  E.  Rowe,  "Some  General  Properties  of  Nonlinear 
Elements.  Part  ii — Small  Signal  Theory,"  Proc .  {RE,  Vol.  46 
(May,  1958),  p.  850. 

R.  McDonald  and  M.  K.  Brachman,  "The  Charging 
and  Discharging  of  Nonlinear  Capacitors,"  P roe «  I  RE ,  Vol.  43 
(June,  1955),  P.  ?4l . 

"*J.  S.  Thomsen  and  S.  P.  Schlesinger,  "Analysis  of 
Nonlinear  Circuits  Using  Impedance  Concepts,"  T ran  s  .  1  RE ,  P GCT f 

CT  2  (Sept.,  1955),  P.  271  . 


tn  L  i  :i  v  J  i  i  '  s  *  2  paper  the  NIC  that  is  described  is 
used  to  obtain  a  negative  resistance.  A  plot  of  the  input  ter¬ 
minal  impedance  phasor  shows  that  the  terminal  impedance  is  not 
pure  negative  resistance,  but  that  parasitic  reactance  must  be 
associated  with  the  resistance.  This  parasitic  reactance  is 
capacitive  for  low  frequencies  and  is  inductive  for  high  fre¬ 
quencies  {above  about  50  KC)  „  For  a  certain  range  of  frequencies 
(about  KC  to  100  KC)  the  reactance  is  small  compared  to  the 
negative  resistance.  Outside  this  range  of  frequencies  the  re¬ 
actance  is  not  small  and  the  NIC  could  not  be  considered  even  as 
a  first  approximation  as  an  ideal  negative  resistance, 

in  the  oreceding  d i sc jss i  &n  reference  has  been  made  to 
nonlinear  positive  and  t.-  =  ga tiw  resistance,  nonlinear  positive 
capacitance  and  linear  negative  reactance.  To  this  writer's 
knowledge  no  work  has  been  reported  concerning  a  physical  non¬ 
linear  capacitor  that  is  negative  for  some  valuer  of  charge 
and/or  voltage.  The  primary  objective  of  this  paper  is  to  con¬ 
tribute  to  the  theory  of  nonlinear  negative  capacitance  (NNC)  cir 
cults.  This  is  done  in  two  parts;  in  the  first  part  the  behavior 
of  a  class  of  networks  which  contain  an  NNC  is  studied,  end  in. 
the  second  part  an  NNC  is  produced  in  the  laboratory  by  means  of 
an  NIC  circuit.  The  first  step  in  this  study  is  to  dhtaln  the 
basic  power  and  energy  relationships  for  the  NNC,  ss  well  as  the 


,2Linvill,  "Transistor  NIC,"  p.  725- 
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natural  response  of  simple  two  element  networks  containing  only 
the  WNC  and  one  each  positive  linear  R,  L,  or  C.  In  this  step 
one  sees  the  differences  as  well  as  the  similarities  between  the 
solutions  of  these  networks  and  the  well  known  solutions  of  the 
corresponding  networks  which  contain  only  linear  positive 
e l ement  s  . 

If  a  useful  property  of  this  capacitance  could  be 
established  this  would  be  an  Important  addition  to  the  circuit 
theory  of  the  NNC .  Therefore,  the  next  step  is  to  study  the 
response  of  a  broader  class  of  networks  which  contain  an  NNC 
to  discover  whether  its  presence  In  these  networks  makes  them 
pa  r  t-i  cu  3  a  r  l  y  suitable  to  perform  certain  fundamental  and  useful 
network  functions.  There  is  no  doubt  that  the  ideal  NNC  will 
not  be  physically  realizable  but  will  have  parasitic  elements 
associated  with  it;  therefore,  for  this  part  of  the  analysis 
various  combinations  of  R  and  L  are  used  in  conjunction  with 
the  NNC  to  represent  lumped  models  of  a  potentially  realizable 
capac i tance . 

The  results  of  the  preceding  analysis  depend  on  the 
way  the  NNC  Is  defined.  Since  it  is  a  capacitance  it  can  be  de¬ 
fined  by  the  charge  voltage  relationship  at  its  terminals. 

This  charge-voltage  characteristic  must  be  hypothesized  since 
no  single  element  Is  presently  known  to  exhibit  a  characteristic 
with  the  desired  properties.  Negative  capacitance  is  obtained 
in  this  work  from  an  active  network.  There  Is  some  indication 
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that  single  devices  possessing  negative  incremental  capacitance 
may  eventually  be  developed.*^  Consequently,  any  cna raster  I s- 
tlc  that  ts  assumed  will  be  an  approximation  of  an  actual  char¬ 
acteristic.  A  cubic  charge-voltage  relationship  Is  chosen  to 
represent  the  MNC  In  portions  of  the  analysis;  in  other  ports  a 
piecewise  linear  curve  Is  used.  It  Is  felt  that  for  seme 
actual  NNC  the  piecewise  linear  cha racte r 1 st I c  might  be  a  better 
approximation  than  the  cubic  curve. 

A  study  of  nonlinear  negative,  capacitance  must  Include 
data  on  a  physically  realizable  capacitance  as  well  as  on  a 
theoretical  one.  Therefore,  an  anly'sis  of  a  transistor  negative 
Impedance  converter  Is  presented  and  a  prediction  Is  made  of  the 
lumped  model  of  the  realizable  NNC.'  This  model  is  subsequently 
verified  by  both  AC  steady  state  and  square  we  transient  meas¬ 
urements.  Measurement  of  the  charge  voltage  characteristic  of 
this  capacitance  is  discussed  and  waveforms  of  the  NIC  currents 
and  voltages  are  shown  under  small  signal  and  large  signal 
ope rat  f  on . 

1 *2  definitions  and  Basic  Ci rcu?  t  Ana  lysis 
of  Non  1  I nea r  Negat i ve  Capac i tance 

The  term  "nonlinear  negative  capacitance"  is  very 
general  and  can  be  construed  as  an  electric  circuit  element 

'3C.  0.  Harbourt,  "Lumped  Models  for  Negative- 
Parameter  Electrical  Devices,"  to  be  published  in  IEEE  Transac¬ 
tions  on  Cl rcu i t  Theory . 
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which  dissipates  no  power,  which  Is  character! zed  by  the 
voltage  across  Its  terminals  and  the  charge  that  has  entered 
the  terminals,  and  which  has  a  charge-voltage  characteristic 
that  Is  nonlinear  end  that  has  a  negative  slope  for  some  values 
of  charge  and  voltage. 

For  purposes  of  this  theoretical  study  the  charge- 
voltage  characteristic  that  is  used  to  describe  the  MM C  has  two 
sem l -1  of  1 n I te  regions  in  which  the  capacitance  Is  positive;  In 
one  finite  region  the  capacitance  Is  negative.  Such  a  charac¬ 
teristic  may  be  expressed  analytically  as 

X 

e=.  —  cLg-  }  {l‘]) 

where  e  Is  the  voltage  across  the  terminals,  q  is  the  charge 
that  has  been  deposited  on  one  of  the  plates  of  the  theoretical 
capacitor,  and  a  and  b  are  constants.  This  characteristic 
Is  shown  In  Fig.  1.1.  Note  that  if  b  =  0  the  value  of  the 
linear  capacitor  Is  -1/a. 

For  the  characteristic  of  Eq.  (l.l),  e  Is  a  single¬ 
valued  function  of  q,  so  the  capacitance  Is  expressed  as  a 
function  of  q,  l ,e . , 


Assume  that  the  charge  delivered  to  the  NNC  is  a 
periodic  function  of  time  with  period  T.  Then  the  average 
power  delivered  to  the  NNC  Is 


Since  q  Is  periodic,  c,(T)  =  q ( 0 }  and  the  value  of  the  Integral 
[ Eq.  (1.3)1  Is  zero. 


The  average  power  can  be  shewn  to  be  zero  for  any 
device  for  which  the  voltnge  across  the  terminals  of  the  device 
is  a  function  of  the  charge  that  has  been  delivered  to  the  de¬ 
vice;  l.e.j  for  q  periodic 


Now,  If  e  Isa  function  of  q,  the  Integration  can  be  per¬ 
formed,  and  the  upper  and  lower  limits  are  Identical,  so  the 
value  of  the  Integral  Is  zero.  Naturally  this  does  not  imply 
that  the  average  power  dissipated  by  a  resistor  Is  zero,  for 
the  voltage  across  the  resistor  Is  not  a  function  of  the  charge 
that  has  been  delivered  to  the  resistor,  but  Is  a  function  of 
the  time  rate  of  change  of  the  charge  flowing  through  the  re¬ 
sistor,  The  energy  associated  with  the  NNC  is  given  by  the 
time  Integral  of  power: 

\/J = ^  P  dt  =  J (-  Af  +i>/)  *k/^o)  ( i .  4) 


Equation  (1.4)  Is  shown  plotted  in  Fig,  1.2. 
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!n  order  to  further  characterize  the  behavior  of  the 


MNC  consider  the  combination  of  the  KNC  with  one  each  positive 
linear  R,  L,  C,  as  shown  In  Flo.  1.3. 

First  consider  the  circuit  of  Fig.  1.3(a).  The 
homogeneous  equation  for  this  circuit  Is 

%  %  -  °i  °  > 


~  £z  o  ~  -  A.  9 

<tt  A  0  >f  0 


(1.5) 


This  is  a  form  of  the  Bernoulli  4  equation;  the  substitution 
x  =  1/qS  leads  to  a  linear  equation,  for 

d%  cLo  _J2.  /a.  Q  '_6_  93\ 

rf?  =  dLg-  2?  =  /3'C  *  /  /f  *  J 


d.%  y  —  ^  ® 

^  ‘ 


The  solution  of  Eq.  (1.6)  Is 

-0.0- /  Ci  ££■  4- 

=  Q%t  £  . 


—  2,^*  5^ 
t 


0.6) 


0.7) 


*.  J.  Cunningham,  I  nt  rod  uct  i  on  to  Her*  if  near  Analysis 
(New  York:  McGraw-Hill  Book  Company,  Inc.,  1  S3&T?  p  ~  6  C  f  f . 


Note,  from  Eq.  (1.7),  that,  If  the  Initial  value  of  q  is  zero 
then  the  constant  of  Integration  must  be  Infinite  and  q  s  0. 
Aiso,  regardless  of  non-zero  initial  conditions,  the  final 
‘value'  of  q  =  ,  which  Is  the  point  of  zero  voltage  across 

the  NNC  (see  Fig.  1  . 1 )  .  From  Eq.  (1.7)  the  current  Is  found  to 
be 


L  — 


dt 


cr 


(1.8) 


Equation  (1.3)  Indicates  that  the  current  In  the  circuit  of 

>*. 

Fig.  1.3(a)  decays  to  zero,  as  Is  expected  In  a  source  free  kC 
circuit,  but  the  decay  Is  obviously  more  complex  than  In  the 
cor  respond  I ng  linear  RC  case. 

The  homogeneous  equation  from  the  circuit  of 


Fig.  1.3(b)  Is 
Z 


l  _  A  P 


cti: 


0  .9) 


Singular  point  analysis  discloses  that  the  location  and  type 
of  the  three  singular  points  of  Eq.  (1.9)  are: 


1  . 

2. 


4  =  0;  center. 


q  "  J- 

q  =  0  ,4=0;  saddle. 


3 .  q  ■---  - 


a 


<b 


,4  =  0;  center. 


Equation  (1.9)  can  ba  Integrated  once  If  the  substitution 
dq/dt  =»  p,  d^q/dt^  =*  p  dp/dq  Is  made.  The  resulting  equatl 
after  In  eg  rati  on  is 

-J  \  ^  —  -  o  /  9  \ 


(i .10) 


A  boundary  condition  must  ba  specified.  When  dq/dt  =  0,  q  Is 
at  Its  maximum  value,  say  Q0,  and 

c*=  -<£+£  <a'. 


Equation  (1.10)  becomes 


(1.H) 


Equation  (I. II)  constitutes  one  form  of  a  solution  to  Eq.  (1.9) 
since  q  may  be  plotted  versus  q  for  various  values  of  max¬ 
imum  charge,  Q0,  However,  the  solution  will  be  carried  further 
A  plot  of  Eq.  (l.ll)  has  the  form  shown  In  Fig.  1.4.  Note  from 
Eq.  (l.ll)  that  4  Is  Imaginary  for  small  values  of  <v  If  ' 


Qq  <  2a/b 


t  will  now  be  shown  that  Eq.  (l.ll)  can  be  put 


Into  the  form  of  an  elliptic  integral. 

Rewr ite  Eq.  (l.ll)  as 

$  -  0..3) 

Let  q(o)  -  Q0;  hence  4(0)  <=  0.  Choose  the  (-)  sign  for  the 

radical  so  that  4  <  0  for  t  small.  Assume 

f  -  Wo  cc±.  4>  ’  =  —  (pD  s^xl  ^  d#  )  avid 

yi  q*  -  -  Ql t  fg,  (/-/*)  J>ec  owes 

af  - -  ff  . 


Separate  variables  and  rearrange  terms  to  get 

Jr  r<b  d<p 


it  = 


iW^¥)V- 


.  "  2. 


J 


(1.13) 


or 


Jx= 


(L 

SL 


,  where  ;  -  ( 1 . J b) 


(1.15) 


The  relationship  between  u  and  q>  Is  cn  u  =  cos  cp  where 
cn  u  Is  the  elliptic  cosine  of  u.  From  Eq^  (1.1 4-)  it  is  seen 
that  >  a/b  is  necessary  for  t  to  be  real.  This  require¬ 

ment  may  also  be  seen  from  the  phase  portrait  since  the  phase 
trajectory  must  encircle  at  least  one  of  the  centers,  located 


on  the  abscissa  at  + 
|-  <  <  °°  ;  if 


However  Eq.  (1.1 5)  indicates  th&t 


<£>£ , 

then 

H.  <  -t<  1  ; 

i-< 

qI<j  , 

then 

4l>i  ; 

%  -  £  ’ 

then 

»ipiv=“| 

ii 

oj 

> 

First  cons i der  the 

case  where 

r\ 

<*o  > 

2a /b  so  that  1'  <  k2  <  !  ; 

then 

r. _ 

/=  Q  <*-*-  -  & 


( 


'=*=$>  a.  eU a. . 


rj. 


( 1 .16) 
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This  Is  obviously  the  case  where  the  phase  trajectory  encircles 


/b  <  Qq  <  2a/b 


(1.17) 


all  three  singular  points.  Next  assume  that 
so  that  k2  >  1 .  In  this  case  the  identity  (for  k2  >  1) 

Oyl  (u.U% 

may  be  used  to  make  the  charge  depend  on  an  elliptic  function 
whose  parameter  Is  less  than  one.  So 

J=:  (Q0  d'K  U.' 

i  o.  or 

Where  u"  =  uk  =  0.o\ t,  and  the  elliptic  functions  of 
Eq.  (1.17)  depend  on  the  parameter 

4  u»/i  (■#)  *  s'- ~ 

The  phase  trajectory  In  this  case  encircles  only  one  center. 

Note  that  the  average  value  of  dn  u1  is  not  zero  (unless 
k2  =  l);  this  establishes  the  nonzero  average  value  required  of 
q  for  this  case . 

Thus  analytical  expressions  have  been  established  for 
the  expected  oscillation  of  the  lossless  LC  circuit. 

The  homogeneous  equation  for  the  network  of  Fig.  1.3(c) 


Is  a  nonlinear  algebraic  equation: 

i  o2  ~  O 


a 

Vc 


-  H  74 '  / 


(1.18) 


which  is  satisfied  by 

;  or 


0.19) 
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Equation  ( 1 .18)  Is  of  little  value  in  determining  the  behavior 
of  the  HMC  in  Fig.  1.3(c),  since  the  solution  of  this  equation 
yields  only  three  isolated  values  of  charge.  The  solution  does 
not  reveal  how  or  whether  the  charge  changes  from  one  value  to 
another  nor  does  ft  lend  any  Insight  into  the  stability  of  the 
c I rcu It. 


CHAPTER  I  ! 

PROPERTIES  OF  NETWORKS  WHICH  CONTAIN  A 
NONLINEAR  NEGATIVE  CAPACITANCE 

2 . 1  Def I n 1 1 1  on  of  Ne  fcworks  to  Be  Studied 

The  NNC  has  been  Introduced  In  the  preceding  chapter 
by  presentation  of  some  voltage  and  power  relationships  as  well 
as  source-free  circuit  responses.  It  is  now  desirable  to  con¬ 
sider  the  possibilities  of  the  thebretical  NNC  as  a  circuit  ele¬ 
ment.  It  is  axiomatic  that  the  Idealized  NNC  discussed  In 
Chapter  I  can  never  be  obtained  practice;  one  would  expect 
some  dissipation  In  any  practical  NNC  (obtained,  e.g.,  by  a 
negative  impedance  converter)  as  well  as  parasitic  positive 
capacitance;  at  some  frequencies  an  inductive  effect  might  be 
noted  at  the  terminals  of  the  NNC. 

This  uncertainty  about  the  lumped  model  of  a  realizabl 
NNC  prompts  one  to  consider  the  Ideal  NNC  In  several  circuit  con 
figurations,  assuming  that  one  or  more  of  the  circuits  will  ap¬ 
proximate  tha  NNC  throughout  some  range  of  frequencies  and/or 
some  voltage  level.  In  order  to  simplify  the  analysis  that 
follows,  the  cubic  curve  that  has  been  used  to  define  the  ca¬ 
pacitor  will  be  replaced  by  a  piecewise  linear  characteristic. 
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Active  networks  are  used  basically  for  one  of  three 
purposes:  as  amplifiers*  as  oscillators*  as  on-off  devices; 

viz.*  switching  circuits;  therefore  each  of  the  following  net¬ 
works  will  be  studied  with  regard  to  Its  usefulness  for  any  of 
these  three  functions.  The  type  of  networks  to  be  studied  will 
be  defined  as  follows: 

1.  The  basic  three-element  networks  will  consist  of  one 
each  +R,  +L*  and  piecewise  linear  C. 

2,  The  networks  will  be  studied  with  resistive,  capaci¬ 
tive  and  Inductive  loads. 

In  order  to  be  acceptable  as  an  amplifier  the  natural  fre- 
quencles  of  the  network  must  be  adjustable  so  that  the  network 
appears  dissipative;  i.e.,  Initial  energy  stored  in  any  of  the 
reactive  elements  of  the  network  must  be  ultimately  dissipated 
by  resistive  elements  of  the  network.  In  linear  network  termi¬ 
nology  this  simply  says  that  a ! 1  the  poles  of  the  network  func¬ 
tion  must  be  in  the  left  half  of  the  complex  frequency  plane. 

If  the  network  Is  to  be  useful  as  an  oscl  !  lato1*,  then  initial 
energy  stored  in  any  of  the  reactive  elements  must  resuit  in  a 
sustained  oscillation.  If  a  network  Is  to  be  suitable  as  a 
switching  circuit,  It  will  be  necessary  that  the  network  have 
two  stable  states.  It  must  be  possible  to  trigger  the  network 
from  one  stable  state  to  the  other  by  application  of  an  appro¬ 
priate  voltage  or  current. 


19 


2.2  Basic  Networks  and  Amplification 

The  basic  networks  are  shown  without  loads  In 
Fig.  2.1(a).  These  one-port-networks  represent  all  possible 
combinations  of  one  each  R,  L,  and  (piecewise  linear)  C. 

The  first  part  of  the  study  will  be  concerned  with 
the  effect  of  negative  capacitance  on  the  small  signal  sta¬ 
bility  of  the  networks  shown  In  Fig.  2.1(b).  It  is  assumed 
here  that  the  capacitance  Is  always  negative  and  linear,  this 
may  be  accomplished  by  proper  biasing,  operation  in  a'. limited 
frequency  range,  or  restraint  on  the  magnitude  of  the  signal 
scu  rce . 

X 

if  each  of  the  networks  of  Fig.  2.1(a)  is  placed  in 
the  configuration  of  Fig.  2.1(b),  It  Is  seen  that  there  are 
twenty-four  possibilities.  It  turns  out  that  twelve  of  these 
possibilities  are  second  order  networks  and  twelve  are  third 
order  networks.  Since  linear  network  theory  applies  to  the 
amplification  study,  all  twenty-four  networks  may  be  conven¬ 
iently  Investigated  In  this  respect. 

The  system  used  to  identify  each  rf  the  twenty-four 
networks  is  as  follows:  each  network  will  be  denoted  by  an  In¬ 
teger  (one  through  eight)  followed  by  a  letter  (R,  L,  or  C) . 

The  Integer  Indicates  one  of  the  networks  of  Fig.  2.1(a)  and 
the  letter  Indicates  the  load  that  Is  placed  on  this  network 
[ see  Fig.  2.1(b)]. 


I 


Fig.  2.1(a).  Basic  Networks 
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The  character'  i  st  1  c  equations  of  the  networks  are 
found  and  then  inspected  for  possible  right-half  plane  poles. 

The  only  networks  that  could  be  considered  as  small  signal 
linear  amplifiers  are  networks  2C  and  4C  (see  Fig.  2.2).  The 
poles  of  both  2C  and  4C  will  all  be  In  the  left  hair  of  the  com¬ 
plex  frequency  plane  if  Crt  ^  C  ;  this  condition  insures  that 
the  totai  series  capacitance  is  non-negative.  Properties  of 
these  networks  may  be  explained  as  follows.  Consider  networks 
2C  and  kC  with  their  voltage  sources  reduced  to  zero,  and  with 
L  =  0  In  2C  and  L  =  °°  In  kC .  Both  of  these  networks  then  be¬ 
come  the  RC  circuit  of  Fig.  2.3.  First,  assume  that  th*e  RC  cir¬ 
cuit  Is  driven  between  terminals  *  and  b;  this  is  the  case 
where  the  negative  capacitance  with  dissipation  is  placed  In 
parallel  with  the  series  RC  circuit  made  up  of  Rg  and  CQ.  If 
the  elements  are  adjusted  so  that  R  =  R^  and  CQ  =  C  then 
the  AC  Impedance  between  terminals  ab  Is 

Zo.i(ioS)  ~  %  •*-  2  KrfC?  , 

At  low  frequencies  the  magnitude  of  this  impedance  is  higher 
than  the  magnitude  of  the  Rg  -  C0  combination  alone;  hence 
tne  voltage  Is  higher  with  the  lossy  negative  capacitance 

Included  then  It  Is  without  the  capacitance.  in  this  sense 
the  negative  capacitance  may  be  considered  to  accomplish  voltage 
amplification.  However,  another  effect  is  also  seen;  note  that 
Zab  }  s  real  for  all  frequencies.  The  negative  capacitance 
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cancels  the  effect  of  the  positive  capacitor  as  far  as  phase 
shift  between  the  current  and  voltage  at  the  input  terminals. 

Thus  the  negative  capacitance  may  be  used  to  cancel 
the  effect  of  capacitive  reactance  at  terminals  ab.  Obviously 
if  Rg  =  R  =  0  and  C  =  CQ  the  negative  capacitance  completely 
cancels  the  positive  capacitance  and  2ajj  becomes  infinite. 

Now  assume  that  a  voltage  source  is  inserted  in  series 
with  the  elements  of  Fig.  2.3.  This  corresponds  to  the  case 
where  the  lossy  negative  capacitance  is  placed  in  series  with 
the  Rg  --  CQ  combination.  Since  both  capacitors  are  linear  the 
equivalent  capacitance  is  Cgq  =  -  0Co/(Co  -  C) .  Note  that  if 
C  =  KC0,  K  >  1,  then  Ceq  =  KC0/(K  -  l).  The  effect  of  the  nega¬ 
tive  capacitance  is  to  make  the  equivalent  capacitance  larger 
than  the  positive  capacitor,  C0.  This  capacitance  multiplica¬ 
tion  becomes  more  pronounced  as  K  approaches  one,  e.g,,  if 
K  -  1.1  then  Cgq  =  51  CQ.  Again  for  low  frequencies  and  a 
given  voltage  function  the  current  In  the  circuit  will  have  a 
greater  amplitude  with  the  negative  capacitance  than  without 
It.  Thus  a  type  of  current  amplification  is  exhibited.  The 
usefulness  of  this  circuit  is  not  current  amplification  as  such 
but  is  capacitance  mu i 1 1 p 1 i cat  I  on .  in  microelectronic  cir¬ 
cuitry  the  practical  deposited  capacitance  Is  on  the  order  of 
picofarads,  so  a  negative  capacitance  might  be  used  to  signifi¬ 
cantly  increase  the  possible  range  of  capacitor  values. 
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2 . 3  Phase  Plane  Analysis- -Sw itching  Circuits 

Considerable  Insight  Into  the  operation  of  a  network 
containing  one  or  more  nonlinear  elements  may  be  acquired  by 
means  of  phase  plane  analysis;  unfortunately  this  technique  is 
presently  limited  to  second  order  systems.  Consequently,  only 
the  twelve  second  order  systems  are  considered  In  the  following 
analysis.  The  cubic  charge-voltage  characteristic  of  the  NMC 
will  be  replaced  by  the  piecewise  linear  characteristic  shown 
in  Ffg.  2.4.  When  the  second  order  systems  are  represented  on 
a  phase  plane  three  distinct  cases  are  observed.  An  example 
Illustrating  each  of  these  three  cases  followsc 

Network  1R  Is  shown  redrawn  In  Fig.  2.5  with  a  DC 
voltage  source  Included.  The  equation  for  the  network  Is: 


e-£ 

** 


+±.  = 


.L  +  _§  ,  ±  £§.  +  cU  _ 

*3  dt  t  1.  X  dt  T?  ~  ° 

However  e-.f(q),  »o|f  =  $§  if  =  l  , 


and  1  =  att  ’  therefore,  Eq.  (2.1)  may  be  written 


(2.1) 


>  completely  described  by  the  following  two  equations: 


>  (2.2) 


At  the  singular  points  =  ~J~£  =  0,  consequently 

I  =  0,  e  =  f(q)  =  0  are  singular  points  of  IR„  From  Fig,  2.4 
it  Is  seen  that  there  are  three  points  where  e  =  f(q)  =  0; 
these  points  are  at  q  =  0,  q  =  +  qx. 

To  find  the  types  of  singularities  Eqs.  (2.2)  are 


comb i ned : 


U  L 


Near  a  singularity  the  phase  plane  variables  can  be  written  as 
i  =  is  +  iQ  and  q  =  qs  +  qe  where  is  and  qs  are  the 
values  of  the  variables  at  the  singularity  and  IQ  and  qQ 
are  small  changes.  In  order  to  make  the  preceding  substitution 
into  Eq.  (2.3)  the  first  two  terms  of  the  Taylor’s  series  ex¬ 
pansion  for  e{q)  must  be  used,  viz., 


also  define 


1 


so  that 


%  - 


(2.5) 


This  Taylor5s  series  expansion  and  the  definition  of  Cs  wlii 
be  used  Sr  all  of  the  phase  plane  examples.  With  the  aforemen¬ 
tioned  substitutions  the  system  Is  described.  In  the  vicinity 
of  tha  singular  points,  by  the  relationship 
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(2.6) 


The  cha  ractc-r  3  st  i  c  roots  are: 


The  three  singularities  way  be  classified  as  follows: 

1.  At  qs  =  +  qx,  Cs  >  0;  <  0  so  the  points 

are  stable  nodes,  or  stable  foci  if  %cs  >(to+%3?'!£. 

2,  A{.  qs  =  0,  Cs  <  0;  X*  2  a  re  real  and  of  opposite 


f  r»  n  e  A 

l^u  •»  V 


Sadd 1 s  . 


A  possible  phase  plane  trajectory  for  I  R  is  sketched 
In  Fig.  2.6  superimposed  on  the  assumed  charge-voltage  charac¬ 
teristic. 


Note  that,  while  IR  always  has  two  stable  states 
separated  by  an  unstable  state,  this  circuit  is  of  limited 
value  as  a  switching  circuit  since  there  is  no  obvious  way  to 
cause  the  switching  action  to  take  place.  The  3C  bias  voltage, 
E,  does  not  appear  explicitly  in  Eq.  (2.2)  so  it  is  not  easy  to 
say  how  much  of  a  change  in  E  would  be  required  to  cause  i 
to  cnange  enough  to  effect  a  movement  from  one  stable  point  to 
the  other.  If  this  switching  were  done  only  the  initial  end 
final  values  of  the  charge  on  the  capacitor  would  be  switched; 
the  voltage,  e,  across  the  capacitor  always  becomes  zero  in  the 
steady  state.  This  would  result  in  a  pulse  of  current  flowing 


into  or  out  of  the  capacitor,.  The  other  networks  that  exhibit 
this  type  of  phase  plane  are  and  8R. 


Another  type  of  phase  plane  configuration  is  Illus¬ 
trated  by  network  3 A,  shown  In  Fig.  2.?.  Ths  equations  for 
this  network  are:  _  '  .  /  d.L\  .  •  ~'s 


A  s  =£~  > 
l  =  4  -  e/fe  ; 


St  ~  L  fa 


(2 . 3} 


(2.5) 


Singular  points  occur  at 

e(9? 


/p^  {*,  t-A 2.  ) 


(2.1 0) 


and 


(2.11) 


Equation  (2 .11)  may  be  drawn  on  the  assumed  a-q 
characteristic  of  Fig.  2.4-  {redrawn  in  Fig.  2.3)  arid  regarded 
as  a  loadline  as  far  as  the  singularities  of  3&  ar«i  concerned, 
for  the  voltage,  e,  at  the  singularities  !s  determined  by 
Eq.  (2.11),  and  the  voltage  across  the  capacitor  at  all  times 
is  determined  by  the  piecewise  linear  cha rector i st l c .  Sy  using 
the  concept  o'  the  leadline  the  values  of  charge  ot  tha  singu¬ 
larities  may  be  found. 
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Note  that,  In  Fig.  2,8,  two  cases  are  indicated.  If 

_lf±_  <= 

<  e;  then  there  are  three  Intersections  of  the  load- 
line  and  the  e-q  cha racter I st I c ;  hence,  there  are  three  singu¬ 
lar  points  with  values  of  charge  qa,  q;,,  qc,  as  labeled  In 

fix  r 

Fig.  2.8.  On  the  other  hand,  if  >  e\>  then  there  Is 

only  one  singular  point  w?th  charge  q<j . 

For  Case  i  (three  singularities)  the  characteristic 


With  regard  to  Case  i  the  following  statements  are  true:  (!)  if 

X 

C$  >  0  at  a  singularity  then  the  singularity  is  either  a  stable 
node  or  a  stable  focus.  (2/  If  Cg  <  0  at  a  singularity  then 
that  singularity  is  a  saddle  point  regardless  of  the  relative 
values  of  Rj/L  3nd  ^/^si^sl- 

For  Case  li  the  lone  singularity  with  charge  has 

essentially  the  same  properties  that  the  singularity  with  charge 
has  in  Case  I.  A  possible  chase  portrait  of  3^  is  shewn  in 
Fig.  2.3  for  Case  I.  Several  other  networks  exhibit  the  same 
type  of  loadline  and  phase  portrait  that  does;  these  net¬ 
works  are:  3’L  and  6R,  with  the  phase  plane  variables  being  in¬ 
ductor  current  and  capacitor  charge,  and  2R,  2b,  4R,  and  JR, 
with  the  phase  plane  variables  being  capacitor  current  and 
charge. 

Note  that  switching  action  could  take  place  In  a  cir¬ 
cuit  of  this  type. if  the  voltage  E  Is  variable.  For  example. 


suppose  the  system  were  initially  at  the  state  Identified  by 
(see  Fig.  2.8),  and  the  voltage  E  were  increased  so  that 

c~ 

ITT#:  r  >  e ,  ;  this  would  result  in  a  system  with  only  one 

A/ %  ' 

singularity  which  might  be  the  one  Identified  by  in  the 

figure.  The  operating  point  would  move  from  the  position  on 
the  left  side  of  the  characteristic  to  the  point  on  the  right 
side  of  the  characteristic.  This  would  result  in  an  increase 
In  the  capacitor  voltage,  e,  that  could  be  considerably  out  of 
proportion  to  the  increase  In  E,  as  we  1 i  as  an  Increase  In  the 
capacitor  charge,  q,  This  increase  in  charge  will  be  accom¬ 
panied  by  a  pulse  of  current  with  magnitude  depending  on  how 
fast  the  charge  changes. 

Finally,  only  networks  2C  and  4C  remain  to  be  studied 
by  phase  plane  analysis.  As  previously  noted,  these  are  the 
only  two  networks  that  could  be  made  stable  for  possible  small 
signal  amplifiers.  It  will  be  seen  that  the  loadlines  for 
these  two  networks  make  them  interesting  as  possible  switching 
circuits  also.  Both  2C  and  kC  are  redrawn  in  Fig.  2.10,  al¬ 
though  only  the  detailed  analysis  for  2C  will  be  presented. 

The  equations  for  network  2C  are: 


£  =  ^  +  +■  e  (/) 
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_  ' 

lR~i 

For  2C  the  singular  points  occur  where  I  =  0  and  e(q)  = 

E  -  q/C0.  As  before,  the  expression  for  e(q)  that  partially 
defines  the  singular  points  may  be  viewed  as  a  loadline  on  the 
e-q  characteristic,  except  that,  in  this  case,  the  slope  of 
the  leadline  Is  not  zero,  but  is  -1/CQ.  The  singular  points 
must  ba  on  the  intersection  of  the  e-q  curve  and  the  loadline 
(see  Fig.  2.11).  There  are  three  possibilities  depending  on 


the  values  of  E,  ej,  and  CQ. 

Again  the  substitution  is  made  that  near  each  singu¬ 


larity  ?  = 
q0/Cs  where 


qs  +  qD;  also  e(q)  =  e(qs)  4- 
Then  the  ratio  of  Eq.  (2.13)  to 


Eq ,  (2.14)  becomes 

Ic,  =  4  (-&„  -  &€> 

d$°  te 


rfcc 


(2. ! 3) 


and  the  characteristic  roots  are 


t 


'■-Ufa +*,51 


(2.1 6) 


Equation  (2.16)  will  be  used  to  determine  the  types  of  singular¬ 
ities  for  each  of  the  three  cases  indicted  in  Fig.  2.11. 

Case  j_„  Th  ree  Singularities 

In  order  for  this  case  to  exist,  it  is  necessary  (but 
not  sufficient)  that  |E|  <  e),  and,  in  addition,  it  is  necessary 
that  | 1 / C s  |  >  1/CQ  where  this  value  of  Cs  is  the  negative  value. 
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At  qa  and  qc,Cs  >  0  and  Eq.  (2,16)  shows  that  the  charac¬ 
teristic  roots  for  both  these  cases  will  always  have  negative 
real  parts;  hence,  these  are  either  stable  nodes  or  stable  foci. 
At  qjj,  however,  Cs  is  negative  and  must  be  less  than  Cq,  so 
this  point  Is  a  saddle.  A  phase  portrait  of  20  is  shown  in 
Fig.  2.12. 

Case  I  I .  One  Singularity  on  the  Nega  t  i ve-S I  ope 
Portion  of  the  e-q  Curve 

For  this  case  to  exist  the  values  In  the  system  must 
be  adjusted  so  that  1 / C 0  >  i/|Cs|,  where  Cs  is  again  the 
negative  value,  and  also  so  that  E  <  ejj(|Cs  [/Co)  -  l]  .  The 
Inequality  Is  found  by  con s i der I ng' the  values  for  which  the 
leadline  Intersects  the  piecewise  linear  characteristic  at  the 
point  (q j ,  -  ej)(see  Fig,  2.11);  at  this  point  the  equation  for 
the  negative-slope  portion  of  the  characteristic  is  -ej  = 
qj / |CS | ,  and  the  equation  of  the  loadline  is  -o ]  =  £  -  qi/C0. 
if  qj  is  eliminated  from  these  two  equations  the  value  of  E 
for  which  the  intersection  Is  (qj,  -  ej)  is  given;  obvlouslv 
E  must  be  smaller  than  this  value  or  Case  111  will  result,  A 
similar  inequality  holds  for  E  <  0.  For  this  case  1 / C s  Is 
negative  but  less  than  1/C0,  so  Eq.  (2.16)  reveals  that  this 
singularity  is  either  a  stable  node  or  a  stable  focus. 

Case  ill.  One  Singularity  on.  th®.  ?os i t 1 ve-S 1  opo 
Port Ton  of  the  e-q  Cha  ractsr f Stic 

Phase  plane  analysis  reveals  what  might  be  expected 
here;  i.a.,  the  lone  singular  point  may  be  either  a  stable  nod© 


stable  focus. 
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The  preceding  phase  plane  analysis  for  2C  was  checked 
on  an  analog  computer  as  we  I !  as  by  an  isocline  construction 

and  found  to  be  valid. 

It  should  be  pointed  out  here  that  the  isocline  con¬ 
struction  of  both  Case  I!  and  Case  III  Involves  the  concept  of 
virtual  s i ngu 1  a r i ty . *  5  |n  each  of  these  cases  the  leadline  Is 
situated  so  that  there  is  only  one  real  singularity;  each  of 
the  other  two  singularities  may  be  thought  of  as  having  moved 
Into  regions  other  than  where  they  started  in  Case  5,  and,  while 
they  no  longer  exist  as  real  singular  points,  they  still  Influ¬ 
ence  the  phase  trajectory  exactly  as  they  did  In  Case  i-^when 
the  trajectory  is  In  their  region  of  influence. 

The  foregoing  statements  are  illustrated  In  Fig.  2.13 
for  Case  II.  The  original  singular  points  for  Case  1  are  num¬ 
bered  1,  2,  and  3;  when  the  parameters  are  changed  so  that 
Case  II  results,  singularity  2  Is  shifted  some  to  2',  but  sin¬ 
gularities  1‘  and  3«  are  now  virtual  singularities  located  by 
extending  the  positive-slope  portions  of  the  e-q  character¬ 
istic.  Note  that,  although  !«  and  3'  are  now  in  region  2,  they 
still  Influence  the  phase  trajectory  In  regions  1  and  3,  re¬ 
spectively,  In  the  same  way  as  they  did  for  Case  1.  Of  course, 
these  virtual  singular  points  would  be  represented  on  the  q 
axis  In  the  phase  plane. 


15 


Cunningham,  p.  !l2ff. 
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Networks  2C  and  4C  are  obviously  suitable  as 
switching  circuits;  they  may  be  induced  to  change  states 
either  by  a  momentary  change  of  appropriate  magnituae  In  E,  or 
by  varying  the  value  of  the  capacitance  C0. 

The  switching  action  of  network  2C  has  been  demon¬ 
strated  by  means  of  an  analog  computer.  The  constants  chosen 
for  this  study  are  (see  Fig.  2.10)  R  =  I ,  L  =  1 ,  C0  =  1 ,  and 
E  =  .25;  for  the  piecewise  linear  characteristic  the  constants 
are  (see  Fig.  2.^}  ej  =  1,  qj  =.  ,5,  qx  =  ' ,  3nd  i c  s  !  =  *5- 
Selection  of  these  constants  results  in  three  singular  points 
which  is  Case  I,  Fig.  2.11. 

A  phase  portrait  of  network  2C  with  E  =  .25  is  shown 
In  Fig.  2.14.  From  this  portrait  the  location  of  the  two  ■> 

stable  foci  and  the  saddle  point  may  be  noted.  The  next  three 
figures  show  the  results  of  momentarily  changing  the  magnitude 
of  £.  In  Fig.  2.15  a  family  of  trajectories  is  shown  ‘or  dif¬ 
ferent  values  of  E.  These  trajectories  all  start  at  the  left 
hand  focus  obtained  when  E  ~  .25;  thus  each  curve  represents  a 
step  of  voltage  added  in  series  with  E.  Timing  marks  have  been 
added  to  the  trajectories  so  the  duration  of  the  pulse  as  well 
as  the  amplitude  may  be  seen.  in  each  case  the  time  from  the 
start  to  the  first  timing  mark  is  .38  seconds,  a v? r'  the  time  be¬ 
tween  ail  other  timing  mark  is  .85  seconds.  So  '  a  given 
amplitude  of  pulse  applied  to  the  circuit  one  may  estimate  the 
time  required  for  the  switching  action  to  take  place.  The 


o 


saddle  asymptote  has  also  been  drawn  on  the  figure  t 
idea  of  how  long  a  pulse  of  given  amplitude  must  be  applied  for 
switching  to  take  place.  if  a  pulse  of  given  amplitude  is  ap¬ 
plied  long  enough  for  the  trajectory  to  cross  the  saddle  asymp¬ 
tote  and  then  removed  the  trajectory  will  continue  un  to  the 
right  hand  focus  obtained  when  E  -  .25°  This  ts  Illustrated 
in  Fig.  2.17  by  the  curve  labeled  Positive  Step.  This  curve 
starts  at  the  left  hand  focus  obtained  when  E  =  ,25>  2  positive 
step  qV  amplitude  1.25  is  applied  in  series  with  E ■  at  point  A 
this  step  is  removed  and  the  curve  splits  into  two  curves,  one 
labeled  £  -  .25  one  the  other  laVeled  Total  E  -  l.p.  The 
curve  labeled  E  =  .25  is  a  trajectory  of  the  original  system; 
note  that  it  ends  at  the  right  haTid  focus  shown  in  Fig.  2.1^. 

The  other  curve  is  included  here  to  show  the  final  state  of  the 
system  if  the  positive  pulse  is  not  removed;  this  curve  also 
has  timing  marks  from  which  the  duration  cf  the  pulse  ssay  be 
estimated. 

The  same  general  remarks  made  about  Fig.  2.15  apply 
also  to  Fig.  2.16.  This  family  of  curves  illustrates  the  re¬ 
sults  of  applying  negative  pulses  to  the  system  when  It  Is 
Initially  at  the  right  hand  focus  obtained  when  E  -  .25.  is 
Fig.  2.17  the  curve  labeled  negative  step  shows  the  trajectory 
obtained  when  a  negative  pulse  with  amplitude  equal  to  1.25  is 
used  to  switch  the  system  from  the  right  hand  focus  to  the  left 
hand  focus,  the  negative  pulse  being  removed  at  point  S,  Those 


Fig.  Phase  Trajectories  for  Network  2C  for 

Various  Negative  Values  of  Voltage  E 
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curves  clearly  Indicate  that  the  system  has  two  stable  states 
and  that  switching  from  either  state  to  the  other  one  may  be 
effected  by  a  pulse  of  appropriate  amplitude  and  duration. 

Switching  possibilities  for  the  twelve  second  order 
networks  have  been  determined  by  singular  point  analysis,  and 
possible  trajectories  from  one  stable  singular  point  to  the 
other  one  have  been  shown  by  phase  plane  plots.  The  twelve 
third  order  networks  may  also  be  investigated  for  possible 
switching  circuits.  Singular  point  analysis  reveals  that  all 
of  the  third  order  networks  may  have  two  stable  singular  points 
and  one  unstable  singular  point,  or*  may  have  only  one  stable 
singular  point,  depending  0.1  the  magnitude  of  the  bias  voltage. 
From  this  viewpoint  alone  any  bf  these  networks  might  be  con¬ 
sidered  suitable  as  switching  circuits;  however,  only  networks 
4L,  6 L,  and  7b  would  be  practical  switches  since  the  equations 
for  the  charge  on  the  nonlinear  capacitor  for  these  networks 
contain  a  term  proportional  to  the  voltage,  E,  This  means  that, 
for  these  three  networks,  not  only  the  location  of  the  singular 
points,  but  the  number  of  singular  points  may  be  changed  by 
varying  E.  The  equations  for  these  networks  all  have  the  same 
form,  so  only  the  singular  point  analysis  for  4l  Is  Illustrated 
be  1 ow . 

The  equation  for  4L  Is 


(2.17) 


characteristic  for  0  <  | E 1  <  ej  .  The  characteristic  equation 
of  this  network  in  the  neighborhood  of  any  of  the  three  singular 
points  is 


with  q5  equal  to  the  value  of  charge  at  a  given  point.  Let 

qs  In  £q.  (2.18)  equal  (Fig.  2.19);  at  this  singular  point 

-  a/3b  <  0,  and  there  is  one  sign  change  of  the  coefficients 

of  Eq.  (2.18)  for  any  values  of  the  circuit  elements.  Therefore 

this  singular  point  is  unstable  since  at  least  one  of  the  roots 

of  this  equation  has  a  positive  real  part.  When  qs  Is  equal 

o 

to  either  qa  or  q£,  then  q“  -  a/3b  >  0  and  ail  the  coeffi¬ 
cients  of  Eq.  (2.18)  have  the  same  sign.  Application  of  the 
Routh  stability  criterion  Indicates  that  both  of  these  singular 
points  are  stable  due  to  the  character i st ic  roots  at  each  sin¬ 
gularity  having  negative  real  parts.  The  switching  action  of 
this  network,  as  well  as  networks  6 L  and  7L,  may  be  explained 


in  an  analogous  manner  to  network  20,  which  has  been  discussed 

in  detail  in  the  preceding  paragraph?  of  this  study. 

2 . 4  0  s  c  1  1  I  a  t  i  o  n 

Thus  far  the  discussion  has  been  primarily  concarnei 
with  the  stability  of  networks  as  small  signal  amplifiers  and 
with  their  utility  as  switching  circuits.  The  question  of 
stability  has  been  Investigated  by  means  of  linear  circuit 
theory,  ana  the  switching  possibilities  have  bt*<  r.  Illustrated 
by  means  of  phase  plane  analysis.  The  case  for  oscillation, 
however,  is  not  nearly  as  straight  forward  as  the  eases  for  am¬ 
plification  and  switching.  There  H  no  way  to  tell,  in  general 
whether  a  limit  cycle  can  exist  for  .=>  nonlinear  equation.  Whil 
there  are  numerous  theorems  dealing  with  the  existence  of  limit 
cycles  (e.g.,  see  Graham  and  McRuer,  p.  those  are 

theorems  for  very  special  cases  or  theorems  which  give  either 
sufficient  conditions  for  a  limit  cycle  or  necessary  conditions 
but  not  both. 

it  might  be  well  to  point  out  again  that  th©  question 
here  concerning  oscillation  Is  whether  a  limit  cycle  can  exist 
in  any  part  of  the  phase  plane;  this  is  significantly  different 
from  the  question  that  arises  in  control  system  design  In  which 
the  search  is  for  some  region  of  the  phase  piano  for  which  no 
oscillation  can  take  place.  Indeed,  if  the  control  system  de¬ 
signer  can  find  some  region  in  which  no  limit  cycle  can  exist, 
he  will  attempt  to  operate  the  control  system  s,in  this  reglon!: 
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and  wl 1 1  be  confident  that  no  oscillation  can  occur.  in  other 
words,  if  the  present  problem  were  approached  by  the  second 
method  of  Liapounoff,  a  Liapounoff  function  would  have  to  be 
found  that  would  promise  stability  of  the  whole  phase  plane  in 
order  to  say  whether  oscillation  could  occur;  part  of  the  plane 
would  not  be  enough  to  completely  answer  the  proposed  question. 

Formal  proofs  will  be  given  to  show  that  none  of  the 
second  order  networks  can  support  a  sustained  oscillation;  how¬ 
ever,  it  can  be  intuitively  argued  tha-t'  none  of  the  networks 
which  contain  a  resistance  can  have  a  variable  that  oscillates 
without  decay.  It  has  already  been  shown  that  the  average  power 
associated  with  the  nonlinear  capacitor  Is  zero;  this  is  signifi 
cant  here,  since  if  the  average  DC  Input  power  to  the  capacitor 
is  zero,  and  the  average  AC  output  power  is  zero,  then  no  energy 
conversion  from  DC  to  AC  can  take  place.  That  is,  AC  energy 
cannot  be  supplied  to  the  network  by  the  battery—  NNC  combina¬ 
tion.  The  battery  can  deliver  no  AC  power  to  the  resistance  in 
the  network,  so  the  AC  power  consumed  by  the  resistance  must 
come  from  the  energy  initially  stored  In  the  network.  Therefore 
the  AC  energy  In  the  network  must  ultimately  decrease  with  time. 
The  LC  network  of  F[g.  1.4(b)  has  been  shown  to  have  an  oscil¬ 
latory  solution;  this  can  be  true  because  no  energy  is  taken 
from  the  network.  If  a  resistance  were  added  anyv/here  in  this 
network,  p'.wer  would  be  lost  and  the  energy  in  the  system  would 


decrease  to  zero. 


One  theorem  that  ts  quite  general  (for  second  order 

networks)  and  that  reveals  some  facts  about  the  present  problem 

!  6 

is  known  as  the  negative  criterion  of  Bendixson.  The  theorem 
states  that  if.  the  equations  of  the  system  are  given  by 

x  =  P(r,  y) 

then  no  limit  cycle  exists  in  any  region  of  the  x-y  phase 

li/f  c)Q 

plane  for  which  the  express i on  has  an  invariant  sign 

and  is  not  identically  jero,  Note  that  the  theorem  gives  s  suf 
ficlent  condition  that  prohibits  the  existence  of  a  limit  cycle 
this  is  not  a  necessary  condition.  If  the  expression  fix  +~oy' 
changes  sign  In  a  region  then  a  limit  cycle  may  or  may  not 
exist  in  that  region.  Since  partial  derivatives  are  involved, 
the  continuous  relationship  between  charge  and  voltage,  1.©., 
e  =  -  aq  +  bq^,  will  be  used  in  the  equations  which  describe 
each  of  the  networks,  rather  than  the  piecewise  linear  charac¬ 
teristic  that  was  actually  used  in  the  phase  plane  analysis. 

The  results  of  the  application  of  Bendixson’s  Theorem 

to  the  twelve  second  order  networks  are  shown  f  r>  Table  2.3. 

) 

The  first  case  of  Tabie  2.1  is  self  explanatory;  for  the  four 
networks  listed,-^  -h-^y'does  not  Involve  either  of  ths  phase 
plane  variables;  Wance,  the  algebraic  sign  is  invariant  over 
the  whole  phase  space.  Cases  2  and  3  of-  Table  2.1  may  bo 

’^N.  Mi  nor sky,  Nonlinear  Oscillations  (New  York: 
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CONDITIONS 


NETWORKS 


«  No  limit  cycle  possible 


2R,2L,2C, 7^ 


2.  No  limit  cycle  possible  if  a  <  — 


R  R 

3 .  No  limit  eye  1  e  i  f  a  <  — — ~  4-  J_ 

L  v-o 


.  No  limit  cycle  possible  if  q^<  JL 


R1  R2 


3R,3L,4R,6R,8? 


R,  5R 


TABLE  2.1.  LIMIT  CYCLE  CONDITIONS  FOR  THE  SECOND  ORDER 
NETWORKS  OBTAINED  BY  MEANS  OF  A  CONTINUOUS 
d-e  CHARACTERISTIC 


Recj/OrV  2 


'//a -v  3- 


Piecewise  Linear  Capacitor  Characteristic 


g ,  2,21.  Network  1  R 
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considered  together  since  these  cases  both  give  relationships 
between  the  circuit  parameters  and  the  coefficient  a,  vrhlch 
partially  characterizes  the  NNC.  Fcr  these  two  cases  Bendlxson's 
Theorem  simply  says  that  If  the  coefficient  of  the  camping  force 
Is  always  positive  there  can  bs  no  oscillation.  If  the.  coeffi¬ 
cient  of  the  damping  force  Is  positive  for  some  values  of  the 
variable  and  negative  for  other  values,  then  oscillation  is  pos¬ 
sible  but  not  certain.  Case  k  of  Table  2.1  gives  no  new  Infor¬ 
mation  about  networks  !R  and  5R.  This  ssys  that  there  can  be 
no  limit  cycle  for  which  the  capacitance  is  always  negative.  A 
consideration  of  Poincare's  Index  results  In  this  same  conclu¬ 
sion. 

Thus  Bendlxson's  Theorem  I  $  used  to  eliminate  four  of 
the  networks  as  possible  oscillators  (Case  i,  Table  2.1).  The 
question  of  oscillation  for  the  other  eight  networks  will  now 
be  answered  by  means  of  a  phase  plants  study.  If  the  charge- 
voltage  characteristic  of  the  nonlinear  capacitor  Is  assumed  to 
bo  piecewise  linear  then  vhree  regions  may  be  defined  as  shown 
in  Fig.  2.20.  Phase  plane  trajectories  may  theoretically  be 
calculated  fcr  any  of  the  twelve  second  order  networks  by  moans 
of  linear  network  theory,  a  given  solution  being  obtained  for 
each  of  the  three  linear  regions,  and  then  the  three  solutions 
being  joined  at  the  region  boundaries.  This  approach  will  now 
be  used  for  one  of  the  second  order  networks  to  show  that,  re¬ 
gardless  of  where  a  given  trajectory  starts,  It  is  Impossible 


5? 


for  that  trajectory  to  return  to  fts  starting  point,  The  given 
trajectory  will  end  up  at  one  of  the  stable  singular  points  for 
all  values  of  the  network  parameters  as  well  as  for  all  values 
©f  an<*  ®1  *  The  network  chosen  for  this  analysis  is  1R, 

redrawn  In  Fig.  2.21  with  R  and  Rg  combined  Into  a  single 
res  I stor,  R.  The  piecewise  linear  capacitor  is  desig  net ©d  a  s 
Cp,  where  p  takes  on  the  values  1,  2,  or  3  depending  on  the 
region  under  discussion  The  value  of  Cp  is  obtained  from 
the  charge -voltage  relationship  for  each  region,  wnich  Is: 


Reg  Ion  1  . 

is 

O  ' 

1 

e, 

(2.19) 

Region  2. 

it 

CD 

'  Cz* 

J  * 

(2.20) 

Region  3, 

II 

*  -\ 

2*  -/  £ 
e,  ~  '  ■ 

(2.21  ) 

The  network  equations,  valid  for  each  region,  are: 

£,  ,  — d—  /  _ —  Q 

cU'1-  *  dt  t  ^  Cf  J  (2.22) 


*  /->  dJL 

L  =  V  d  t  ~  •££  ■  (2,23) 

First  the  pertinent  relationships  for  each  region 
will  be  listed  then  the  phase  plane  calculations  will  follow. 
Region  1.  i (0)  =  IQ,  q(0)  =  Q0 

C"  ^  i-  \  j  /  Z  \  d 

Characteristic  roots:  ^2,  -  2  Q  —  Cy  ;  . 

S,  <  °  j  <  o }  |  [  >  |  5,  j , 
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(2.26) 


If  the  singularity  at  (q  -  qK,  I  =  0)  Is  a  nods  then  the  slope 
of  the  asymptote  as  t  -»  -  «  Is  5£>(qx  +  <?)  f  <£nd  tb.j  slope  of 


the  asymptote  at  t  -*  +  »  Is  S|  (qx  +  q)  . 

Region  2.  q  (0)  =  $0,  I  (0)  =  I0 

.  4~  rzz.  v~~zZ- 

Characteristic  roots:  742 ■-  ZftC?.  ~  "jCC-z.  , 

-//  >°  W  red/  j  /£<o  cuoc/  re  cl  /;//?/>,  4^/* 


o~f  -r^Toi  rpr^  wa-zTe'i  tuf- 
V  L  -fz-f,  ie  L 


(2.27) 
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Region  3.  q  (0)  =  Q0?  t  (0)  .*  I 


Characteristic  roots:  $ljZ  -  /5%C3  -  l  fa  ~  £  C 


3  J 


but  =  C|  so  characteristic  roots  are  same  as  for  Region  1. 

L  Je  '  (2,30) 


Sz-5/ 


e= 


e, 


(2.30 


■#=S, 


*2.-5/ 


z0  5>z 


X 


e  -  s. 


V<4>/y)-zV 


5*2^ 


e 


(2.32) 


If  the  singularity  at  (q  =  qx,  I  -  0)  Is  a  node  then  the  slopes 
of  the  asymptotes  as  t  becomes  large  are  the  same  as  for  Rl, 
The  phase  plane  is  shown  i'n  Fig.  2.22  along  with  the 
e-q  characteristic  of  the  capacitor.  Also  shown  In  this  figure 
are  possible  asymptotes  for  the  saddle  point  and  the  values  of 
current  at  which  these  asymptotes  Intersect  the  boundaries  of 
Region  2.  Refer  to  this  figure  for  the  following  discussion. 
Assume  first  that  Initial  conditions  are  such  that 
the  trajectory  starts  in  Rl  (Region  1).  There  are  three  possi¬ 
bilities: 

1,  q  decays  to  -qx,  never  leaving  Ri. 

2.  q  enters. R2  at  svme  time  tj  but  returns  to  Rl  be¬ 
cause  l(ti)  <  -  p„q,,  the  Intersection  of  the  saddle 
asymptote  with  the  boundary  be'tween  Rl  and  R2. 


enters  R2  and  passes  through  to  5*3  '* 


i  ;  ■ 


P2g  j 


The  singularity  at  (q  =  -  qx ,  I  =  0)  is  either  a  stable  n 
a  stable  focus.  Obviously  If  the  trajectory  never  leaves 
there  can  be  no  limit  cycle  around  this  singularity. 

Assume  that  possibility  2  has  occurred;  toe  t  r« 
leaves  R 1 ,  enters  R  2  and  returns  to  R 1  .  The  minimum  va 1 u 
the  current  can  have  when  re-entering  R 1  is  ~  p - c  j  ;  at  t 
value  of  current  q  =  -  q ,  ,  With  these  values  as  initial 
tions  it  is  desired  to  find  the  value  of  current  when  the 


c .  This  occurs  In  the  time  it  takes  for  e 


reaches 

from  ei  to  zero.  To  find  this  time  set  £q,  (2.25)  equa 


zero  at  t  =  t p ; 


0,  <? 


'  - L —  A  f 


insert  t p  into  Eq.  (2.2b)  and  get  s<z 

;/lA 


Mow  suppose  that  the  singularity  at  (q  =  qx,  I  ~  0)  Isa 
the  following  statements  may  be  applied  to  Eq.  (2.3*0 

i  .  i  ( t )  must  be  real 


ode  o  r 

r*  * 

*S  t 

Sector  y 
e  the  t 

h  !  s 

cond  I  - 

c  h  a  r  c  e 

to  go 

■  t  O 
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J  «.  L  2  /  ■  •-  ' 


s2(<ix-q,! 


^ ~q » )  f  s  the  intersection  of  the  nod* 


o  s '/nap  co  to 

and  the  boundary  of  R  I  os  t  •-*-<» 

s  j  (qx~q  * )  f  s  the  intersection  of  the  node  asymptote 
and  the  boundary  of  R  1  as  t  -*  -f  w  , 

A  possible  trajectory  satisfying  Statements  I  through  7  «  s 
shown  in  Fig,  2.23.  A  iso  shown  are  the  asymptotes  with  Inter- 

X 

sections  specified  by  Statement  8.  With  reference  to  Fig.  ■■.23. 


note  that  If  Sg(qx-q  j )  <  -  PjRf  then  the  trajectory  could  reach 
the  singular  point  only  at  tg  =  »;  this  condition  is  prevented 
by  Statement  6  above.  The  important  thing  here  is  that  the  node 
asymptotes  are  solution  curves  which  extend  throughout  R  5 1  and , 
since  no  solution  curves  may  cross,  it  Is  impossible  for  any 
trajectory  which  enters  R  I  to  do  anything  but  approach  the  sin¬ 
gular  point.  Similar  statements  may  be  made  about  the  singular 
point  in  P>3;  hence,  the  conclusion  to  bo  drawn  is  that  there 
car.  be  no  limit  cycle  if  the  two  stable  singularities  are  nodes. 
For  the  remainder  of  this  discussion  it  will  be  assumed  that 
the  phase  plane  contains  two  stable  foci  and  one  saddle  point. 

Equations  (2. 33) and  (2.3*0  may  be  rewritten  as 


a  n  o 


,  p 


W  6? 


-p 


f  C  0^  > 


where  s  {  -  -  C{  +  j  Q  and  s0  =  -p  ~j  A 


W 


-^f  +f(fx~f'J  > 


,£)^- 


3  nc 


it  is  now  desirable  to  find  the  biqx  i  mum  value  of  cur¬ 
rent  that  the  trajectory  nay  exhibit  on  the  line  q  -  -  qx 
(chosen  for  convenience)  and  sti!  !  jicve  possibility  2  occur. 

This  is  i  ( t  ^ )  Jn  Ffg,  2,22.  To  find  !  ( t  ^ ) ,  it  Is  necessa r v 
to  write  the  equations  for  R  i  with  t  ime  reversed  so  t  h  at  the 
trajectory  will  move  from  right  to  left  in  the  upper  half  of  the 
phase  plane.  Then,  with  initial  conditions  0„o  -  -  c;  j  ,  I  --= 

-*  Pr/4-,,  find  the  time,  that  it  takes  o  to  go  to  zero, 

Plug  t  „  into  the  equation  for  i  with  time  reversed,  Nptu 
that  the  current  obtained  in  this  way  is  the  negative  of  the 

P  H. 

actual  current  since,  if  t  =  -  t‘,  then  ~rg  =  ~  jj.'  .  When  this 


j  J.  S  O 

CO-, 


calculation  is  made  it  turns  out  thet 


‘  /i\  _  r  p?  ^ 

.  (  1 3)  ~ 
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Now  It  can  be  shown  that  C  =  W,  and,  since  o5  >  0 
and  9]  >  0  the  conclusion  is  reached  that 


|  i  (t3)  |  >|  I  (t2)  I  •  (2.39) 

This  conclusion  demonstrates  that  there  can  be  no  i'mit  cycle 
around  the  focus  as  well  as  that  possibility  3  cannot  result  if 
possibility  2  exists  initially.  if  initial  conditions  are  such 
that  the  trajectory  passes  through  the  point  i(t^),  then  the 
preceding  analysis  guarantees  that  when  the  trajectory  has  gone 
through  1 8 0  degrees  It  will  be  nearer  the  singular  point  than 
it  was  at  i(t3).  The  trajectory  car  never  retrace  itself  no 
matter  how  skewed  the  spiral  Is  since  the  two  points  in  ques¬ 
tion  are  180  degrees  apart.  It  may  also  be  said  that  there  can 
be  no  limit  cycle  around  the  singular  point  in  R  3  due  to  the 
symmetry  of  the  problem. 

Possibility  3  remains  to  be  -discussed,  if  a  limit 
cycle  exists  for  this  possibility  then  it  encircles  all  three 
singular  points.  The  limit  cycle  will  pass  through  the  point 
q  ■=  -"h  ,  '  =  I  >  p | <1 1  {s!9  fig.  2.22).  It  will  be  shown  that 

if  o  trajectory  passes  through  the  point  I.  encircles  the 
t  h  r®«  singular  points  and  returns  to  intersect  the  line  q  =  q . . 
then  the  value  of  current  at  this  intersection  ftfli  bo  loss 
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than  the  value  I.  It  is  actually  not  necessary  to  trace  the 
trajectory  through  a  complete  revolution  due  to  the  symmetry  of 
the  capacitor  character i s t i c .  If  a  closed  trajectory  posses 
through  the  point  q  =  qj  ,  S  =  X  then  it  must  also  pass 
through  the  point  q  =  -  g ]  ,  i  =  -  I.  Project  backwards  from 
i  =  I  ,  q  j=  <jj  to  the  ordinate'  the  trajectory  will  intersect 
the  ordinate  at  some  i (t0)  ,  Project  backwards  from  i  =  -  I, 
q  =  -  q^  to  the  ordtnetej  the  value  of  current  at  this  Inter¬ 
section  is  -  I (t0) «  The  statement  to  be  proven,  then,  If  there 
is  to  be  no  limit  cycle,  is  that  if  a  trajectory  passes  through 
the  point  q  =  0,  1  =  f(t  )  then  when  fhe  trajectory  has  gone 

through  180  degrees,  q  «  0  again  but  i  >  -  i(to),  This 
proof  is  done  by  proving  that  if  3  given  trajectory  passes 
through  the  point  q  =  0,  i  =  i  (to)  then  a  second  trajectory 
can  be  found  that  prevents  the  given  trajectory  from  reaching 
the  point  q  =  0  ,  1  =  -  l(tQ)  since  trajectories  cannot  cross 
one  another  in  the  phase  plane. 

First,  choose  any  value  of  I  >  with  this  value 

of  initial  current  and  Q  =  -qj  find  i  (tQ)  end  i  (t^) 

(Fig.  2.22) .  Find 


snd 


where  s  ,  «=  -  #  +  j  t  sg  =  -  c*  ~  >  3nd 

m  ~  Sc-<* (?x -9.) ~jr]zu  f(o  ?  f , 

'  '  C''  /  *  Z1  y  -j  r  J ^  j 

f -i 

yX.  ~  C/Wv  -  .  ...  — — t —  / 


a  1  so 


C<46)  = 


lx-f,^A-A 
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(2,42) 


Now  a  possible  trajectory  may  be  drawn  through  the  points  de¬ 
fined  by  X,  i  ( t^ )  and  I  (tQ) , 

Assume  that  a  second  trajectory  is  started  at  q  =  q; 
i  =  -  I,  This  trajectory  intersect^  the  ordinate  at  I  ( t x ) 
and  intersects  the  line  q  =  q  at  i (t  ) (see  rig.  2.22). 

X  J 


These  values  are 
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where,  in  «3,  s ,  =  -  Of  +  j  ft  ,  s2  =  ~Oi  -  j/3  and 
5  r  [[-  <*  (/x  '/>)  ~x]  + ft  (f*  ~/v  i  J 


-  ZcSr. 


Now  it  remains  to  be  shown  tnCv.  j  i  (tx)  |  <  I  '  I  and 

];(td)j  <  {  I  ( t  u )  1  ;  if  this  is  true  then  the  original  trajectory 
must  intersect  the  negative  half  of  the  ordinate  at  some  i (ty) 

which  is  greater  than  -  i (t0)  . 

First,  compare  |  i  ( t  x )  |  ( £  3  *  (2.44)]  with  |l(tQ)j 


[Eq.  (2.42)1  c,  ,fc 

— - <  - ~_£h>  ' 

It  has  already  been  established  that 

I  >  p  j  q  j  and  |  P  ’  j  >  !  P  2  !  >  50 
I  >  |p2qj!  >  a,so  P i ^ i  >  0  end  P2q)  <  0 
so  for  any  va 1 ue  of  I  it  is  obvious  that 

I  -  I P2q 1  i  <  1  +  !  Pgq 1  1 


(2-47) 


i  +  p,q,  >  i  -  p i q i  ; 

so  inequality  £q.  (2.47)  is  indeed  true.  Then  compare  |t(td)| 

[F.q.  (2.41)3  with  |l(t)|  1  Ed  -  (2.46)1 


<-  &  « (fx  -/ j  -  X/  ~f. 
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First  consider  the  exponential  terms  of  E  q .  ( £  .  U  8  ) 

~  6? 


but  0 


X  <  <  and  0  <  p  <  it  so  k  +  p  <  2  »r  and  3  n  -  ( X. 


>  n  ,  therefore 

e“£(w-A) 


J(r-*)  ~f(27r  ;/*■); 

(£'  >0  '  42.  U9) 

In  comparing  the  terms  under  the  radicals  !n  Eq.  (2.U8),  it  is 
only  necessary  to  consider 


>L~  --Z? 


(2.50) 


Now  I  Is  considered  positive  for  this  example  and  a  >  0 
qx  -  q(  >  0  so  inequality  Eq.  (2.50)  Is  ^vlously  true  for  any 
I.  Inspection  of  Eqs.  ( 2 . 1*8 )  ,  (2.^9),  and  (2.50)  clearly  Indi¬ 

cates  that  |l(t^)!  <  I  t  u )  | .  Thus  no  limit  cycle  can  exist 
for  network  iR.  This  also  applies  to  network  5^,  which  is  es¬ 


sentially  the  seme  network  as  IR. 

Six  second  order  networks  remain  to  be  considered  as 


oscillators;  of  these,  network  8R  may  be  eliminated  Immediately 
since  the  equations  for  8R  far  each  linear  region  have  the  same 
form  as  the  equations  previously  discussed  for  IR.  The  equa¬ 
tions  for  these  two  networks  are  listed  below. 


I 


Network  ! R , 


/Pi;  =  -  %c,  2* 

R2  :  f  =  -  - 

/?j;  =  ^g  /-* ' 


(2.5D 


(2-52) 


(2.53) 


Network  8R .  (The  resistor  In  series  with  the  source 
s  R}  ) 

' T) 9 ' 7c$^$  =  '■C.tf/fjJ*  '  (g.54, 


■fZ :  /  r  'I '  S )/''  0  - 


(2.55) 


(2.56) 


Now  !f  s  set  of  nunterlcel  coefficients  Is  chosen  for  the  aqua- 
tlons  of  8R  then  the  parameters  of  IR  may  be  selected  so  that 
corresponding  equations  of  the  two  sets  ere  Identical,  Mote 
that  l/LCp(IR)  may  be  mode  equal  to  Rf/LCp(R(+  Rjj.)  (8R)  and 
then  R  of  IR  may  be  varied  to  make 

The  equations  for  each  of  the  other  five  second  order 
networks  ar«  similar  to  the  aquations  for  nc  work  IR  except  for 
the  Inclusion  of  a  constant  term  which  is  proportional  to  the 
applied  voltage,  E.  It  can  be  shown,  however,  that  with  e 
simple  transformation  of  variables  the  analysis  just  completed 
for  IR  applies  to  tnese  networks  also.  The  equations  for 
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fioie  that  each  equation  or  network  IK  may  be  made  Identical  to 
one  of  the  Eqs.  (2.61) .  (2 .€2) ,  or  {2.63);  thus  the  l-x  phase 
plane  can  have  no  limit  cycle.  To  90  from  the  l-x  plane  to 
the  i -q  plane,  hwaver,  each  point  of  the  l-x  plane  Is  dis¬ 
placed  ho* I zcnta ! I y  by  an  amount  that  Is  proportional  to  the 
voltage  E  [see  £q,  (2  6 0 )  1 .  Since  all  of  these  displacements 

ere  horizontal  id  o.  the  same  magnitude  It  follows  that  If 
Eqs.  (2.6l).  (2.62),  and  (2.63}  cannot  describe  a  c.  .sea  tra¬ 
jectory  then  Eqs.  (2.57),  (2.58),  and  (2.59)  cannot  describe  t 

closed  trajectory  either.  In  other  word*  the  r  r*n*  formeMo?' 


‘  -  ,1  •  o  '•  !  «  <>  Indicetod  by  E  q  .  f  1  0  ■  amount  s  to  reseat  i  r.  t,  the 

absc  i  'sa  of  !  Jie  system  <3  >.  $  c  r  I  l  «d  by  E  q  s  ,  (2.57),  (.  )  ,  »nd 

(?.••!))  .  Thus  J,  I  co'iduii  n  r  *o  <-ti  here  is  the  t  there  can  be 
no  o;>ci  I  latory  s  o  > t  I  o  n  of  any  of  the  second  order  networks  for 
any  values  of  the  circuit  parameters  r  for  any  values  of  q  j  , 
qx,  or  e, 

It  na s  not  been  proved  rigorously  whether  a  limit 
cycle  exists  for  any  of  the  third  order  systems;  however,  the 
Intuitive  argument  based  on  the  consumption  of  AC  energy  by  the 
resistance  of  the  system  applies  to  the  third  order  networks. 
That  is,  without  a  source  of  AC  energy  all  oscillations  in  any 
of  ttie  networks  must  eventually  die  out. 

Another  argument  concerning  oscillation  In  the  third 
order  networks  Is  es  follows.  Let  the  source  resistance  in  all 
of  these  networks  except  UL  be  Initially  infinite.  Then  network 
}C  becomes  the  RNNC  circuit  of  fig.  1.3(®)  whivh  wl  I  I  not  os¬ 
cillate;  5L  and  become  the  LXNC  circuit  of  fig.  I.3(b;  end 
will  osc ! I  late  because  they  are  lossless.  The  remaining  net¬ 
works  become  Identical  to  second  order  networks  for  which  os¬ 
cillation  Ss s  been  shown  to  be  Impossible.  Now,  if  the  source 
resistance  is  allowed  to  become  finite,  a  dissipative  element 
is  essentially  added  to  each  of  these  networks.  Networks  5L 
and  5 C  will  not  oscillate  since  they  will  nc  longer  be  Icssle-s; 
If  the  remaining  networks  will  not  oscillate  without  the  source 
resistance  then  certainly  tha  addition  of  tnls  resistance  wilt 


U  / 

ioI  uijs«  oscl  I  1*1  i  n  but  will  add  to  toe  damping  t  n  a  t  Is 
already  present  ,  The  same  argument  applies  to  netwrrk  UL  ex¬ 
cept  «  different  reeietar.ee  le  considered  initially  Inf  Ini  .e. 

The  preceding  arguments  on  be  ueed  to  predict  with 
res  onable  certainty  that  no  sustained  oscillation  can  occur  In 
any  of  the  third  o  der  networks. 
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CHAPTER  I  '  I 

TRANSISTOR  NEGATIVE  IMPEDANCE 
CONVERTER  CIRCUIT 

In  this  chapter  date  taken  from  a  transistor  negatlva 
't  >'!co  converter  (NIC)  will  b«  presented.  The  NIC  Is  de¬ 
signed  so  that,  Ideally,  the  lumped  model  *een  at  Its  terminals 
Is  a  negative  capacitance.  Of  course,  this  Ideal  model  cum  t 
be  obtained;  some  dissipation  is  expected  to  t"$  associated  with 
the  model  es  well  as  shunt  positive  capacitance.  it  Is  the 
puriose  of  this  pert  of  the  study  to  Investigate  the  parasitic 

:!  thit  must  SCCu«|jarif  ti<«  pi  *c  i.  i  v« !  capsci  Con  ob¬ 

jective  Is  to  obtain  the  che rge -vo I tege  characteristic  of  this 
capacitance  for  comparison  with  the  theoretical  characteristic 
previously  assumed. 

3  .  I  The  Ba  s I c  N I C 

The  NIC  circuit  chosen  for  this  study  of  nonlinear 
reactance  was  suggested  by  LlnvIM.*^  The  basic  circuit, 

*  Llnvlil,  "Transistor  Negative  Impedance  Converters,'1 

P.  725- 
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complete  with  biasing  network,  Is  t  r.  own  !n  rig  5.1,  end  the 
AC  portion  of  the  cl rcul r  Is  shown  In  Fig.  3.2 

The  network  of  F|g.  nay  be  simplified  somewhat 

before  the  qualitative  operation  of  the  circuit  Is  discussed, 

C 2  and  can  be  mad#  large  enough  so  that  their  reactance 

Is  negligible  at  at!  frequencies  of  Interest,  which  places  f,  , , 
ZL,  and  R^  in  parallel.  Since  the  Input  Impedance  Z|n,  Is  to 
be  equal  to  (-Z^),  neither  R^  nor  R^  need  be  presert  In  the  ex¬ 
pression  for  Z|n.  One  might  consider,  then,  the  possibility  or 
waking  tie  parallel  combination  of  R^  end  R.  much  larger  than 
the  Impedance  of  Z^,  thus  assuring  that  Z|n  is  Independent  of 


R  ^  or  R^.  There  ere  practical  limitations  to  the  maximum  re¬ 
sistance  of  both  R  -  and  R  ^ .  From  Fig,  3  > 1  It  can  be  seen  that 
Ir.crces!.*;  ft  ^  or  Rg  Increases  th#  necessery  DC  supply  voltage. 


•»-  ...11  •  .  o  \  -  i  r  _  t  »  _  .4  t, . 
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stability  consideration!;  since  R^  and  R^  are  In  the  base  cir¬ 
cuits  of  the  transistors  these  resistors  are  preferably  kept 
very  low  for  bias  point  stability  purposes.  Emitter  resistors 
R|  and  R^  are  chosen  as  large  as  the  supply  volceee  will  permit 
In  order  to  improve  stability.  Notice  that  Cj  produces  regen¬ 
erative  feedback  so  the  circuit  would  almost  certainly  oscil¬ 
late  were  it  not  for  the  degeneration  provided  by  R|  and  R^ , 

Th*  upshot  of  the  precad  ng  discussion  Is  that  It  Is  not  prac¬ 
tical  to  maka  any  of  the  resistances  so  large  the  they  may  be 


negiec  t*d  In  analysis. 


A  b  r  I  a  f  dijr,  uliton  of  t  h  a  operation  of  t  h  a  circuit 


7 ' 


i  o  i  Sows  (see  FI  9.  3.2).  A  rurrs-  t  I  flows  into  t  hf  input  terrri- 

na  !  s  i-v  th#  network:  th'j  causes  c*Jrren  t  to  <  I  ■>«  out  of  rhe  col¬ 
lector  of  Tj,  r<?'ult!oy  In  a  rise  In  collector  voltage.  This 
rise  is  coupled  to  the  base  of  by  capacitor  C2  cau  log  the 
collector  voltage  of  to  decrease.  This  decrease  is  coupled 
to  the  base  of  T ]  ,  and  currant  flows  up  through  Rj  resulting  in 
a  voltage,  E,  across  R|  with  the  polarity  sh^wn  In  F|g.  3.2. 

Thus  Z |  -  £/I  Is  negative.  The  network  parameters  are  aojusted 
to  that  Zln  *  --KZl-  Hence  the  positive  Impedance  l\_  Is  "con¬ 
verted  1  to  a  constant  K  times  -Z ^  over  some  range  of  fre¬ 
quencies. 

3 . 2  A n a  I  y  s  I  s  >iid^  Design  o f  the  X  I  C 

A  circuit  analysis  based  or  the  pu*  <- i  r  •  e 

model  of  iha  transistor  (fig  3-3(*/J  very  quckly  predi'ts  the 
possibility  of  negative  Zjn  but  does  not  yield  enough  Infor¬ 
mation  to  choose  values  of  all  resistors.  The  transistor  morel 
actually  used  In  the  analvs’s  Is  the  h-ps remote r-sma II  signel- 
I  ow  frequency  model  shr  vn  In  Fig.  3.3(b);  this  model  can  be 
simplified  [see  Fig.  3.3(c) }  since  for  practical  transistors 
hf6  It  very  small  and  Its  effect  can  be  neglected,  also  hoe  I* 
large  enough  that  its  effect  can  be  neglected.  Transistors  with 
an  a  cutoff  of  8  me  (l*x<s  Instruments  2HII8A)  are  used  In  the 
expe r i me r» t a  I  MIC,  so  for  frequencies  be i ow  about  75  KC  hje  and 
h(g  are  essentially  real. 


The  NIC  nf  (*nrli  is  redrawn  In  fig.  <  .  ii  w  i  t  h  ;  h  e 

«!iu»pt  ion  nat  ail  capacitors  except  C  |  are  !  a  i  u  c  tnnu  li  that 
their  effect*  are  negligible  at  the  lowest  freouencv  of  opera¬ 
tion  {which  Is  tc  It  determined).  Routine  nodal  analysis  yields 
the  following  expression  for  Z  |  n 
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The  only  previously  unwent i oned  assumption  necessary  to  arrive 
at  E  q .  (3.1)  Is 

•j  t  _  hX  i  i  )o  !  j  <•  i  4  ^  ■  J'o  '  v  Hit*  X,  )  . 


(1.2) 

It  should  be  noted  here  that,  as  long  as  the  assump¬ 
tion  of  tq.  \ a )  is  true,  Z|n  contains  no  terms  dependent  on 
transistor  2;  henre,  no  transistor  matching  is  required.  How¬ 
ever,  Y0  will  contain  a  ct-pacltanee,  so  the  inequality  sets  a 
low  frequency  limitation  on  the  circuit.  With  Cy  I  uf  it 
turns  out  that  this  Inequality  vili  be  true  even  for  zero  fre¬ 
quency  so  In  this  case  no  lew -frequency  limit  is  imposed  by 
Eq.  (3.2).  As  C0  Is  decreased  In  value  the  lower  frequency 
limit  increases. 

Is  possible  to  choose  the  circuit  resistances  so 
that  or.  I  y  he  terms  In  Eq.  (3.11  wnicn  ere  multiplied  by  rCj 
are  signi  i cant  This,  of  course,  al'owc  one 
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Some  char acterisi  :cs  of  Z|n  Itq.  1  j  .  U f J  ’  u  : 
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^  .  As  'ong  as  tfie  transistor  h  parameters  are  real  the 
only  frequency  dependent  term  In  Z  n  is  ZQ.  <  he  reasci  that  Z 
is  assumed  frequency  d*  ident  Is  that  i  t  is  a  capacitor  In 
:  h i  S  study. 

3.  Assuming  fifi  and  h  |  ■  reasonably  constant,  Z|n  has  the 


form 
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4  .  Equation  i  n d  I  c a  t  e  s  !  iiat  Z  0  (see  r  ■  q  .  I  .  i  >  rather 


than  Z  ^  .  is  converted  to  a  negative  impedance;  therefore,  It  Is 
necessary  to  consider  Z  j  n  as  a  function  of  Z,  before  any  compen¬ 
sating  network  can  be  incorp>rated  Into  the  system. 

Consider  Z^  as  a  pure  capat ■ t 1 ve  reactance  attribut¬ 
able  to  a  capacitance  CQ;  then  ZQ  =;  R  3  I  !  R  7  I  !  XCo  ■  Fcr  brevity 
let  the  parallel  combination  of  R  ^  and  R^  be  called  Rp.  With 
ZQ  written  in  terms  of  C0  and  Rp,  Z j n  becomes 
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(3.6) 


or 
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Equation  (3.?)  Indicates  that  both  the  real  part  and  the  Ima¬ 
ginary  part  of  Z.^  are  sensitive  to  frequency  changes,  at  least 
throughout  some  frequency  range.  The  theoretical  iocus  of  Zjn 
( C 0  =  I  pf)  is  shown  In  Fig.  along  with  the  locus  of  an 

Ideal  negative  capacitance  and  also  the  locus  of  a  positive  re¬ 
sistance  In  series  with  a  negative  capacitance.  Thus  this  Z;p 
does  exhibit  a  negative  capacitance  effect,  hut  the  parasitic 
resistance  associated  with  the  capacitance  and  the  low  frequency 
limitation  make  some  sort  of  compensating  network  deslrab’  If 
this  Impedance  Is  to  be  used  as  a  circuit  e’eisent. 

A  plot  of  the  impedance  of  the  actual  MIC  (uncompen¬ 


sated)  Is  shown  in  n  g .  1.8.  Tnls  plot  differs  from  the 
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g.  3.6.  Complete  NIC  Mode! 


Fig.  3.7. 


Measurement  of  Phasor  Impedance, 
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(CQ  =  i  nf) 


7* 

theoretical  Impedance  locus  In  thct  tha  affect*  of  unavoidable 
shunt  capacitance  art  present  In  the  actual  plot.  The  actual 
locus  compares  favorably  with  the  theoretical  locus  for  frequen¬ 
cies  from  about  200  cps  to  2  KC;  at  this  frequency  the  shunt 
capacitance  begins  noticeably  to  shift  the  phase  of  current 
with  respect  to  voltage  and  tha  two  plots  bagln  to  differ.  The 
complete  NIC  model  Is  shown  In  Tig.  3 .6. 

For  the  experimental  NIC  (CQ  =  I  (if),  the  constants  of 

Fig.  3.6  are  as  follows: 

.  -3 

k,  =  v  v  -  ~9'? 

Aj  =  Cfg  +  Tj,  +  ~  <10 

K'i  -  ^f/  =  l$-5' 

Kv~  ijLt^h(y /-S,3Xi6k 
As  -  ]’- 1  'Hi  Oh +  VirX Rj> G>) *■'  =  37  X  / o' ' ^ 


/ 

/tA 


=  57 


Now  consider  the  fraquanclas  for  wh  !  ch  KgO.'2  »  |  K  j  |  and 
Kj.tr2  »  1C  4 .  The  first  Inequality  is  true  for  f  >  770  cps,  and 
the  second  Inaquallty  Is  true  for  f  >  300  cps;  therefore,  for 
f  >  770  cps  : 
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(3.8) 
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(3.9) 
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Equation*  (3.8)  and  (3.9)  Indicate  that,  excluding  the  effects 
of  shut  capacitance  end  assuming  that  the  h  parameters  re¬ 
main  real  and  constant,  Z ( n  looks  like  a  110  ohm  resistor  in 
series  with  a  negative  capacitance  equal  to  2Cc . 

The  circuit  used  to  measure  the  phesor  impedance  Z(n 
is  shown  in  Fig.  3.7.  The  terminal  voltage  of  the  negative  ca¬ 
pacitance  Is  Vgg  an  1  the  current  Is  -V^q/100;  the  phase  angle 
between  current  and  voltage  Is  measured  with  a  dual-trace  os- 
ell  I  oscopa . 

3.3  Compan sa ting  Networks 

Although  not  directly  pertinent  to  mis  study,  a  brief 
discussion  of  possible  compensation  is  preset  • ec  here.  This  com¬ 
pensation  Is  based  on  an  inspection  of  the  expression  for  Z|n 
i Eq  (3.611.  For  a  more  theoretical  approach  to  compsnsetlon  of 
negative  Impedance  converters  the  reader  is  referred  i  >  the 
1  I teratcre , * 

The  first  step  In  Improving  the  locus  of  Zj(,  will  be 
to  put  a  resistance  in  series  with  C Q,  resulting  In  Z-  shown  In 
Fig.  3-9*  The  inclusion  of  >Q  will  result  in  a  negative- 
resistance  term  in  Z|n  as  well  as  a  positive-resistance  term. 

The  value  of  R„  will  be  chosen  so  that  the  real  part  of  Z|n 
will  be  reduced.  Wltn  R0  Included, 
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whe  re 


YiX  -  Y<g  4-Vz  mhpj  , 

Vc  r  m Uo 5  'i'joSiec/. 

Vci  “  '-j  l  ,  h  4 1  04+  Yg)  ftiho?'  ^goctrec/. 


Now  If  RQ  Is  chosen  so  that 


or 


Yq^LRo  r^p)  -  Yc-Rp^o  j 


Yc  ?p~^  } 

for  this  value  of  RQ 

<'vi.-Yc^y  - (Yt.-Ycfyyc* 
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yj  [Tc 
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With  the  parameter  values  given  In  Table  3.1,  va  -  Yc*p  ^  ® 


so 


Z j  has  the  form 


Z£-  . .  ^-!— 


’  60  t2C 


(3.12) 

The  locus  of  this  Z|n  Is  shown  in  fig.  3-10.  Note  that,  with 
R0  included,  the  iocus  of  Z  |  n  Is  sim!  i  ar  to  the  locus  of  a  con¬ 
stant  (-R)  In  parallel  with  a  constant  (-C).  Furthermore,  the 
value  of  RQ  is  Independent  of  CQ,  but  depends  on  the  transistor 
parameters  hf|  and  h|j. 

Now  refer  to  Eq.  (3.11)  and  Investigate  the  frequen¬ 
cies  for  wfci  I  ch  to®CQ^yc?  Rp^  »  (Ya  -  YcRp)2.  ror  this  NIC  the 
Inenuall  y  above  is  valid  for  f  >  260  cps,  so  this  frequency 
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limitation  Mill  be  placed  on  tb«  NIC  and  Z|n  will  be  slapllfled 

,3 


again: 
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J 


(i- *  3> 


or 


“~r  ^  /  -r~-  ’Ki>0,<4>0. 

V  ujCo  >  3  J 


(3-U) 


UJL-c 

It  w«*  Mentioned  earlier  that  the  locus  of  Zjn  with 
Rc  looks  like  (-R)  In  parallel  with  (-C) .  This  proapts  one  to 
examine  Yjn  In  order  to  reaove  the  parasitic  resistance.  For 


f  >  260  cps, 

v  'Id  -  i  ^03^/ 

^lYt.-iKp)  /  Cyi.-'iilY.f 


{3. >5) 


Since  Ya  -  Is  negative  the  real  part  of  Vj, 


>pj  v  C'<*. 

\  -  V*, 

—  t 

will  be  negative.  Obviously,  If  a  positive  resistance,  R|, 
equal  to  j 1 t  -  YcRpl^Yd  **  placed  across  the  Input  teralnals 
of  the  NIC,  the  parasitic  resistance  will  be  canceled  out  and 


/ 


(3.16) 


CH-YcfoY 

Figure  3.11  displays  the  compensated  KiC  w' th  the 
values  of  resistances  needed  to  effect  the  (apederce  conversion, 
Note  that  neither  conpensetl;  resistor  depends  0.1  C0.  A  capac- 
Itor  Is  Included  In  ser<es  with  the  730  ©ha  resistor,  ft|,  so 
the  DC  biasing  of  i  !<•  transistor  will  not  ba  upset.  Equation 
(3.16)  lr.pl  las  that  the  compensating  resistors  will  cause  the 
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terminals  of  the  NIC  to  look  I i k®  an  Idea!  negative  capacitor; 
of  course,  this  Mill  not  ba  true  for  two  reasons:  first,  a  very 

simple  I om  frequency,  linear  modal  of  the  transistors  was  used 
In  the  analysis  and  design  of  the  NIC;  second,  both  It;  and  R 0 
are  dependent  (at  least)  on  the  transistor  parameters  hf  end  h|, 
so  Q.  point,  magnitude  of  driving  'ojrce,  and  frequency  affect 
the  optimum  values  for  Rj  and  R0.  The  effect  of  compensation 
(for  a  fixed  Q  point  and  driving-source  magnitude)  is  sketched 
In  Tig.  3-12.  Note  the  frequencies  at  which  Z|n  Is  purely  capac¬ 
itive  and  at  which  Zjn  Is  real,  both  with  and  without  comptnsa 
tion,  and  with  R,,  only.  Several  points  can  be  male  concerning 
compensation  of  the  NIC.  Firs;  consider  the  Intersection  of 
tha  three  loci  of  Fig.  3.12  with  the  real  axis;  not  only  is  the 

.  .  .  a  _  £  f  -  -  -J  .  .  i  _ _ r  * _ i  a  .  a  .  *  _  _ .  ,  4  »  .  a 

>  v  *  i  >  t>  I  TV  t  k  i/a  4>  t  M  i  bu  u  v.  c  w  t.  uii  >  i  u  o  i  a  u  I  t  n  T  (.UHlMdl  sa  L  I  Ull  ,  l/Wll 

I  as  ' 

the  useful  frequency  range  of  the  negative  capacitor  is  Increased 
by  a  factor  of  three.  Second,  the  reduction  In  the  real  part  of 
Z|n  Is  In  evidence  at  the  Intersections  of  the  I oc I  with  the 
Imaginary  axis;  although  the  capacitive  reactance  is  different 
for  each  of  the  loci,  the  frequency  Is  also  different  so  that 
at  this  Intersection  each  of  the  loci  reprerent  a  capacitance 
of  a  pp  run  I  oa  t  e  I  y  the  same  value  (3.5  uf).  Finally,  note  tr.at 
the  largest  part  of  the  compensation  Is  accomplished  by  f\0. 

The  measurements  fer  Fig.  3- '2  were  made  with  RQ  -  220  ohms  and 
R|  -  .  i0  ohms  (680  +•  100),  since  these  were  readily  available 
in  standard  resistor  values  in  the  lab;  It  if  presumed  that 
this  compensation  might  be  improved  If  desired. 
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Fig.  3.12.  Locus  of  2 | n  with  and  without  Cowpensation 


8‘. 


3  .  4  The  N  I  C  U 6 fed  A  s  a_  C  I  rcul  t  E  I  eme n  1 

The  data  presented  in  this  section  are  intended  *o 
demonstrate  the  use  of  the  NIT  as  a  circuit  element.  The  NIC 
is  piaceu  ;n  tne  circuit  shown  in  fig.  3. IT  and  the  driving 
point  impedance  is  measured  as  a  function  of  f"ec,uency.  This 
circuit  Is  chosen  to  illustrate  that  it  i s  possible  to  effect 
capacitance  cancellation  by  using  the  NIC.  If  R )  -  R  Q  -  R 

and  C|  C  0  -  C  then  the  impedance  of  the  RC  circuit  is  real 

at  all  frequencies  and  is 


The  Impedance  c '  the  NIC  is  measured  arJ  plotted  in  Fig.  3.'?. 
From  approximately  I  kc  to  3  kc  the  NIC  looks  like  a  resistor 
with  value  slightly  less  than  100  ohms  in  series  with  a  nepa- 
t  i  ve  capacitor  with  value  of  2.y  uf  .  Therefore,  values  oi  R| 
and  C|  are  chosen  a,  94  ohms  aid  2-5  (-‘f,  respectively.  The 
impedance  of  this  series  R| C ,  is  also  plotted  on  F|g,  3-13- 
These  values  are  used  to  piot  Eq.  (3-17). 

Then  the  NIC  is  placed  in  parallel  with  the  series 
RjCj,  and  this  Impedance  is  measured  and  plotted.  It  can  be 
seen  from  the  figure  that  the  reactive  component  of  the  imped¬ 
ance  is  indeed  small  throughout  the  frequency  range  considered. 
Obviously,  neither  the  tvo  capacitors  nor  the  two  res  sters  are 
exactly  equal  at  all  these  frequencies,  but  the  cancellation 
effect  can  be  seen.  Furtherrore,  since  the  measured  curve 
agree  f  a  .  r  I  y  we!!  with  *3*  theoretical  plot  of  Z  .  :  f  q  .  {'.!?)]. 


t !  e  assumption  t  m  3  t  the  NIC  Is  a  circuit  e ! enf n  :  which  consists 
of  a  coristc.it  resistance  in  series  with  a  constant  negative 
capacitance  (see  Eq,  (3.9'  1  is  reason aMy  good. 

3  .  5  S  qua  re  Wave  Me«,  su  r  e  ne  n  t  s 

A  jumped  model  of  the  NNC  has  Seen  predi cted  from 
analyst:  of  the  NIC,  and  this  model  has  been  verified  through¬ 
out  a  certain  range  or  frequencies  by  mean*-  of  AC  steady  state 
measurements  .  This  .node  I  will  now  be  used  to  calculate  the 
transient  response  of  a  circuit  which  contains  the  NNC.  Values 
for  tnese  calculations  will  be  obtained  from  measurements  made 
on  the  circuit. 

A  square  wave  oscillator  Is  apolisd  to  the  NIC,  as 
shown  lr  rlgs.  3  •  •  ^  (a ) ,  (b ) ;  some  response  waveforms  are  shown 
In  Figs.  3.l4(c),(d).  With  the  amplitudes  Implied  in  F;g.  3  ■  1  'i 
the  c ;  rev .  t  is  uucic.ilno  i «  .?  reasonably  linear  mode ;  if  the 
driving-source  magnitude  Is  Increased  the  mode  of  operation 
naturally  becomes  nonlinear  and  distortion  results,  this  will 
be  discussed  later. 


The  presence  of  negative  capacitance  at  this  square 
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The  purpose  of  this  section  of  the  discussion  Is  to 
Interpret  these  waveforms  In  terms  of  the  lumped  mode!  of  the 
NIC;  I.#,,  ?.  in  witn  Cx;  the  shunt  capacitance  is  neg¬ 

lected  here.  The  values  of  Rx  and  Cx  are  assumeJ  to  be  constant 
although  this  is  not  strictly  true  since  the  transistor  parameters 
will  very  some  even  In  the  small-signal  case. 

with  this  magnitude  of  driving  voltage  the  current  and 
voltage  waveforms  exhibit  half-wave  symmetry,  so  It  will  only  be 
necessary  to  discuss  the  half  cycle  for  which  the  source  voltage 
Is  +f/2.  At  this  time  It  is  also  convenient  to  indicate  the 
solution  for  v,n  of  rig.  3. 15(a)  which  Is  the  circuit  of 
Fig.  3-1 M*)  with  the  external  resistances  combined  and  with 
the  100  ;if  capacitor  omitted  since  its  only  purpose  is  to  block 
DC  current.  The  source  is  also  considered  a  step  function  of 
volt  a  an  The  ■  •* !  t  !  s  I  voltage  across  the  n  amative  capacitor  is 
Vc ,  as  siow  .  This  nrtwork  is  easily  solved  by  standard  tecli- 
n  i  ques  to  y  i  e  Id  :  if- 

■  ,J  v 

'■)-  A'tfij  —  (3.18) 


aid 


/fV  /?e)  ' 


(3.19) 


Equation  (3.18)  Indicates  that  If  a  very  short  time  Is  consid¬ 
ered  then  current  might  be  c  sidered  as  increasing  linearly, 
equation  (3-'9)  indicates  tnat  for  a  very  short  time  the  voltage 
wi ! 1  decrease  approximately  linearly.  Equations  ( 3 . !fi )  and 


TABLE  3.2.  SOME  EXPERIMENTAL  RESULTS  INDICATING  NON¬ 
LINEARITY  (f  -  2  KC  ,  T  =*  .5  msec.) 


(5.19)  denote  tlie  responses  measured  from  e  time  t  *  0,  which 
Is  the  Instant  that  the  step  Is  applied  to  the  circuit.  The 
present  problem,  however,  involves  a  square  wave  of  applied 
voltage  rather  than  just  a  step.  Consequently,  It  wlli  be  nec- 
essaiy  to  consider  the  response  at  some  time  tj  [see 
Fig.  ( 3 . 1  Me)  j  when  the  circuit  is  operating  In  the  steady  state 
In  order  to  relate  the  waveforms  to  Rx  and  Cx .  Refer  to 


Fig.  3  .  1 1*  for  the  following  discussion: 


i,(~) 

t 1 M  i  Vs  -  2.  -  '-v 


let  Vex 


;  Vi*  =  \L 


Vex  ~  V4. 


let  A'\J?x  -  V2 -V,  and  A£  -  %.  — ' (  %.  ) 


so,  AA  K~  ’  w^*re  R  =  ell  series  resistance  except  Rx, 


A  VJc<  \  (\JZ-  V,J  X 

"  AS- A  £  -  (A  -  V, ) 


(3.20) 


Thus  Eq.  (3.20)  gives  an  expression  for  Rx  tnat  contains  quan¬ 
tities  which  can  be  measured  externally  to  the  NIC. 


An  expression  for  C  Is  derived  as  follows:  as  be¬ 


fore. 


at  if,  (-)  !  Am  -V,  j  Ac K  -  A  '  Vs  =  2.  and  Alt k  -  Vi-'Ua.  J 

at  tt  (A)  )  Vn  -  Vz  y  \/cx  ~Vs_  '/5  -  -f;  and  -  — ~FSy~~ 


l 


!*-.■  -if94>v 


so  a  t  t  ,  (  +  )  , 

.  ,  ,/  -)/?x  •  ,  __  "5*  /?* 


and  at  t  j  (+) , 

y/  _  V,  (  ^  *V)  _  _^>L 


^  ^  <^X 


bfc.yf 

^v/f5* 


(3.20 


Equation  (3. 21)  gives  the  voltage  across  the  negative  capaci¬ 
tance  at  the  end  of  a  negative  half  cycle  of  the  source  V^. 

Now  between  tj(+)  and  tg(-)  the  source  looks  like  a  step  of 
voltage,  and  Eq.  (3.19)  way  oe  used  to  describe  the  decrease  In 
V!n  during  this  Interval  of  time.  Thus,  for  t,  <  t  <  tg  , 


■  -  £jl  Oo e+**)cx 

m  -  /i  ~  *  j.  p.  Cl 


^  ^  ^  -  (].M) 

Equation  (3.22)  contains  V^,  which  cannot  be  conveniently 
measured,  so  substitute  Eq.  (3.21)  Into  Eq.  (3.22).  This 
yields,  still  for  tj  <  t  <  tg, 

v„-( . 

( 3  •  < 

Finally,  at  t  =  1 2  ( — ) ,  tg  -  t (  -  one-half  period  *  T/2,  and 


(3.23) 


E<1.  (3.23)  becomes 


Equations  (3.20)  and  (3.2*0  together  may  be  used  to  obtain  ex¬ 
perimental  values  for  Rx  and  Cx  for  any  given  source  frequence 
and  amplitude.  These  expressions  are  as  good  as  the  assumption 
that  Rx  and  Cx  are  constants.  For  example,,  using  the  circuit 
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of  fig.  3'l^(a)  with  open  circuit  source  magnitude  of  I  volt 
peek-t  -peak  and  CD  -=  i  pf,  one  finds  Rx  =  102  ohms  and  Cx  = 
2.98  pf:  this  Is  good  agreement  with  the  values  predicted  In 
Eg.  (3.9);  viz. 5  Rx  =  MO  ohms  and  =  -  2  pf,  where  ne;  thcr 

magnitude  nor  frequency  of  the  driving  source  was  considered 
explicitly. 

Table  3.2  shows  some  additional  measurements  that 
wee  made  a .  ong  with  Rx  and  Cx  as  calculated  from  Eqs.  (3.20) 
and  (3.2*1;.  items  2  and  3  of  Table  3.2  ire  in  error  since  there 
Is  obviously  some  significant  nonlinearity  due  to  transistor 
action.  ’’he  comments  accompanying  these  two  Items  Indicate 
that  the  assumptions  made  in  the  derivation  of  Eqs.  (3.22)  <^nd 
(l.24)  are  not  satisfied  here;  l.e.,  that  R„  and  Cx  are  con¬ 
stant.  This  can  be  seen  from  the  fact  that  vjn  does  not  ex¬ 
hibit  half-wave  symmetry  with  these  magnitudes  of  driving 
sources.  however,  it  is  surely  true  that  the  parasitic  resist¬ 
ance,  Rx ,  as  well  as  the  negative  capacitance,  Cx ,  Increase  in 
value  with  an  Increase  in  the  amplitude  of  the  driving  source 
at  least  up  to  some  point.  The  difficulty  encountered  In  meas¬ 
uring  the  variation  of  Rx  and  Cx  vfith  changes  In  current  and/or 
voltage  will  be  dealt  with  In  the  next  section. 

3.6  Attempt  t o  Measure  Cha  rge-Voi taga  Cha  rac te r I s 1 1 c 

One  objective  of  this  ex; erlr enta I  work  Is  to  deter¬ 
mine  the  nonlinear  relationship  between  the  charge  and  voltage 
associated  with  a  practlcil  negative  capacitance.  In  the  first 
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part  of  this  paper  a  number  of  calculations  were  based  on  the 
assumption  of  a  piecewise  linear  relationship  between  charge 
and  voltage.  It  is  desirable  to  compare  the  actual  q-v  char¬ 
acteristic  with  the  assumed  characteristic  as  well  as  to  deter¬ 
mine  which  of  the  lumped  circuits  of  fig.  2.1  most  closely 
approximate  tfe  actual  NMC.  The  lumped  model  of  the  actual  NNC 
has  been  clearly  shown  to  be  a  nonlinear,  frequency-depandent 
resistance  In  series  with  a  nonlinear,  frequency  dependent  nega¬ 
tive  capacitance,  the  series  combination  being  shunted  by  a 
positive  parasitic  capacitance.  While  the  shunt  capacitance 
can  be  neglected  in  some  instances,  the  series  resistance  cannot 
be  neglected,  and  <t  Is  the  nonlinearity  of  this  series  resist¬ 
ance  which  prevents  a  complete  measurement  of  the  q-v  charac¬ 
teristic.  The  basic  difficulty  In  this  !;  getting 

at  the  terminals  of  the  capacitor.  It  is  certainly  impossible 
to  get  at  the  junction  connecting  Rx  and  Cx  for  obviously  this 
clearly  defined  junction  exists  only  in  the  modal,  not  the  NIC. 
Therefore,  irdirect  methods  must  be  used;  fig.  3-1 6  shows  . 
scheme  used  to  measure  the  voltage  across  the  capacitor  based 
on  the  series  R-C  model  end  to  obtain  the  charge  on  the  capaci¬ 
tor  by  Integrating  a  voltage  that  Is  proportional  to  the  current 
through  the  capacitor.  If  the  output  of  the  suberector  (!)  Is 
fed  to  the  vertical  amplifier  of  an  osc  i  Tl  oscope  and  the  output 
of  the  integrator  (3  is  fed  to  the  horizontal  amplifier  of  the 
oscilloscope,  then  the  q-v  characteristic  should  appear  on 
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the  face  of  the  scope.  As  previously  mentioned,  a  voltage 
proportional  to  the  charge  on  the  NNC  may  be  obtained  by  inte¬ 
grating  a  voltage  proportional  to  the  current  through  the  NNC, 
Since  the  current  i  flows  through  the  NNC  and  Rj  (neglecting 
shunt  capacitance),  the  voltage  V|  -  -  |R(  is  integrated  and 
Invertd  to  give  a  voltage  proportional  to  charge;  viz.,  K^q. 

To  obtain  a  voltage  proportional  to  the  voltage  across  the  ca¬ 
pacitor  it  is  necessary  to  subtract  from  the  input  voltage, 

Vjn,  a  voltage  In  phase  with  and  equal  to  V^;  now  v^  =  i  + 
v^  and  Vj  -  -  1R,,  and  the  output  of  the  Inverter  (2)  Is 
+■  iRj,  therefore,  if  R(  is  adjusted  so  that  It  Is  equal  to  Rx, 
then  the  output  of  the  subtracto  (1)  Is  +  Kvc .  Indeed,  this 
can  be  shown  experimentally  to  be  the  casa  as  long  as  the  am¬ 
plitude  of  the  driving  source  is  small  enough  that  Rx  Is  reason¬ 
ably  constant  and  linear.  When  e(t)  is  a  square  wave  the  out¬ 
put  of  the  Inverter  (z)  Is  a  square  wave  (see  Fig.  318(b)],  as 
it  should  be,  since  the  current  Is  essentially  a  square  wave. 
Under  these  conditions  vc  is  triangular  [see  Fig.  3-I8(c)]. 

When  e(t)  Is  sinusoidal  the  picture  on  the  scope  Is  a  conven¬ 
tional  Lissajous  figure  which  indicates  a  1 80  degree  phase  dif¬ 
ference  between  vc  and  qc  When  the  driving  voltage  Is  Increased 
in  order  to  study  the  large  signal  q-v  character  I st Ic ;  however, 
the  waveform  I Rr  no  longer  assumes  the  same  form  as  the  current 
because  of  the  nonlinear  characteristics  of  R  .  Since  the  volt¬ 
age  iRj  does  have  rhe  same  waveform  as  the  current,  it  is 


(a )  Pa r  t i « !  N ; C  Circuit 


(b )  Mode  1  of  NNC 

Fig.  i.l7.  Definition  of  Voltages  and  Cur'ents 
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impossible  to  "cancel'*  th<  cart  of  v  .  n  with  V|  a;..'  he 

output  of  the  subtractor  (I)  Is  no  longer  f  Kv  out  is  w-  Kvc  + 

K ( v R  +  v  j } l s  e  e  fig.  3  •  2  0  ( c  )  j  . 

The  Inverter  (2)  and  the  integrator  (3)  for  this  part 
of  toe  experiment  wero  maoe  with  Philbrick  optra.ion?1  ampli¬ 
fiers  (Mode!  K2-XA);  the  subtractor  (l)  was  the  differencial 
input  of  a  Tektronix  503  oscilloscope. 

3 , 7  N 1 C  Waveforms 

The  nonlinear  i  ties  present  n  the  NiC  have  been  re¬ 
ferred  to  previously.  This  section  presents  direct  oscilloscope 
observations  of  their  effects.  The  only  elements  of  the  h  C 
circuit  that  are  considered  nonlinear  are  the  transistors.  If 
an  analytical  approach  is  tried,  then,  even  for  the  simple 
transistor  model  that  has  been  jsed,  the  variation  of  hfe  and 
hje  With  t  ri'iM  s  iui  urrents  or  voi  cage  must  be  approximated 
analytically;  since  there  a  t  ?  two  trans : stors  in  the  NIC,  the 
resulting  nonlinear  differentia)  equation  Is  quite  complex  and 
requires  that  an  approximate  solution  be  made.  No  useful  ap¬ 
proximate  solutions  have  been  found  in  this  work.  Various 
wavetoi  s  of  the  N  C  can  oe  shown,  however,  .or  different  values 
of  driving  voltage,  and  some  i r  sight  into  the  mechan  sm  that 
causes  the  or.  li  rear!  ties  can  be  obtained. 

Two  sets  of  wa  vefoms  are  pres  -'ted  in  figs.  3  18 
t h  ■■  u  g  h  -.21  The  f  i  r  s  t  set  consists  of  various  NiC  voltages 
obtaiien  wren  the  amplitude  of  t  he  driving  sou  r  e  is  of  Such  a 
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t  («)  V,n 


(d)  q 


Characteristic 


Wa  ve  f  <5  r  iti  s  - -La  rg  e  Signal 
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magnitude  that  the  transistor  operation  is  essentially  linear. 
For  the  second  set  of  waveforms  the  source  amplitude  has  been 
increased  unt ! !  a  high  level  of  distortion  Is  present. 

A  square  wave  source  was  chosen  for  this  pss  t  of  the 
stuoy  since  It  was  decided  that  the  waveforms  would  be  more 
easily  interpreted  then  if  the  source  were  sinusoidal.  The 
following  data  apply  to  Figs.  3*8  through  3.2i  also: 

Square  wave  frequency:  2  KC 

Q  point  (2NM8A  transistors):  Ic  =  1  . 5  ma  ;  vC(S  =  20  V 

Small-signal  open  circuit  source  voltage:  2.3  vptp 

Large-signal  open  circuit  source  voltage:  7-2  vp  t  p 
Waveforms  of  the  voltages  listed  below  are  given  for  each  of 
the  two  case  For  convenience  these  voltages  are  defined  In 
Fig.  3  .17.  The  waveforms  are  presented  only  for  the  Input 
transistor,  T-l  (see  Fig-  3.2),  since  this  transistor  begins  to 
operate  in  a  nonlinear  fashion  before  the  other  transistor  does. 
The  waveforms  shown  are: 

1.  Input  voltage,  v  }  r 

2.  Input  current,  Ijp  (Presented  as  voltage  across  10  0i! ; 

3-  Capacitor  voltage,  vc 

L.  Capacitor  charge,  q 

5.  q-vc  characteristic 

6.  Collector  voltage,  v 

c  C 

7,  Collector  current,  1Q  (Presented  voltage  across  l^Ofi) 

8,  Dase-em I t tt r  vol*age7 


9.  Base  current,  1^  (Prase. ted  as  voltage  across  1000) 

10.  Tc  -  vc  i  !  ■  » ■  i  c l " r i  s  t i c  . 

Only  the  Ac  portlc  v.  :i'e,e  waveforms  are  given.  Knowledge 
of  the  Q  point  anr.  :  r  oscilloscope  sensitivity  can  be  used 
In  most  coses  to  determine  total  v  .tages  and  or  currents. 

Figures  3 . 1 8(a) ,  (b) ,  (c)  ,  (d)  show  the  relationship  be¬ 
tween  input  voltage  and  current  and  the  nega t I ve-capac J tance 
voltage  and  charge  under  sma  I  I -s  I  gr.a  I  operation.  Note  that 
during  the  half  cycle  when  current  is  positive  charge  is  I  n- 
creasing,  however,  v(n  and  the  voltage  across  the  capacitance, 
vc,  are  decreasing.  This  indicates  that  the  capacitance  Is  In¬ 
deed  negative.  Figure  3.18(a)  Indicates  that  the  capacitance 
is  not  only  negative  but  s  essentially  constant  for  this  ampli¬ 
tude  of  driving  force. 

Figure  3-19  hows  transistor  votags  and  current  wave¬ 
forms  under  the  same  conditions  **  F!g.  3*18*  From  Fig.  3.18(c) 
It  is  seen  that  the  total  col  lector-emitter  voltage  swing  about 
the  Q  point  Is  approximately  .25  volt  while  the  collector- 
current  varies  about  6  me  above  and  below  the  Q  point.  This 
Is  a  rather  large  current  swing  but  practically  no  voltage 
swing  at  all.  Th  s  the  loedline  for  transistor  T-l  is  almost  a 
vertical  line. 

The  wavefotms  In  Fio.  3.20  are  for  large  signal  opera¬ 
tion.  Figure  3.20(a)  shows  the  distortion  that  Is  present  In 
the  inpit  vo  tage.  Figures  3.20(b)  and  (d)  indicate  that  the 
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current  and  the  charge  are  reasonably  undlstorted.  However, 

Fig.  3.20(c)  obviously  does  not  reveal  a  triangular  v-itage 
across  the  capacitance.  Actually  Fig.  3  20(c)  Is  not  strictly 
the  capacitance  voltage  since  the  effects  of  the  nonlinear  re¬ 
sistor,  Rx,  are  present  in  this  waveform  as  we H  as  the  non¬ 
linearity  of  the  capacitance,  Cx.  For  this  same  reason 
Fig.  3.20(c)  Is  not  truly  the  R~vc  characteristic,  although 
the  negative  slopes  of  this  plot  do  indicate  that  tie  capaci¬ 
tance  Is  still  negative. 

Figure  3*21  shows  transistor  currents  and  voltages 
under  larne  signal  operation.  The  principal  cause  of  distortion 
can  be  seen  from  either  Fig.  3.21(b)  or  Fig.  3.21(c);  I.e.,  on 
the  negative  half  cycle  of  collector  current,  the  collector  cur¬ 
rent  goes  to  sere.  Although  not  obvious  from  Fig.  3-2! (o),  the 
base  current  is  also  driver,  to  zero  at  the  same  time  that  th  • 
collector  current  Is  zero. 

3 . 8  Conclusions 

A  theoretical  I  nve  s  t :  ge  1 1  on  has  been  made  of  the  da'$ 
of  circuits  which  contains  lumped  models  of  a  potentially  real¬ 
izable  nonlinear  negative  capacitance  In  series  with  resistive, 
capacitive  and  inductive  loads.  This  series  combination  Is 
driven  by  a  voltage  source  with  nonzero  Internal  resistance. 

The  lumped  models  of  the  realizable  NMC  consist  oc  all  combina¬ 
tions  of  one  positive  linear  resistor,  one  positive  linear  in¬ 
ductor  and  a  hypothetical  nonlinear  espa  it  _>r. 


Two  of  these 


networks  are  found  to  be  stable  on  a  small  signal  basis,  l.e., 
wVn  the  amplitude  of  signal  variations  are  assumed  to  be  snail 
enough  that  the  nonlinear  capacitor  actually  appears  to  be  nega 
live  and  linear. 

When  the  model  of  the  negative  capacitance  In  each  of 
?hes«  two  networks  is  assumed  to  contain  no  inductance  the  net¬ 
works  become  identical.  When  the  resultant  network  Is  driven 
from  a  soldering  Iron  entry  it  Is  capable  of  voltage  amplifica¬ 
tion,  and  it  is  also  capable  of  capacitance  cancellation;  that 
is,  the  negative  capacitance  can  be  used  to  cancel  the  affect 
of  capacitive  reactance  due  to  a  positive  capacitor.  Whan  this 
RC  network  Is  driven  from  a  pliers  entry  It  Is  capable  of  cur¬ 
rent  a  p  I  I  f  i  cat  I  on  as  wall  as  capacitance  multiplication.  The 
phenomenon  of  capacitance  etu  !  i  I  p  !  •  cat  >  cr.  ■>«  b«  prac-ticsiiy 
significant  In  microelectronic  circuitry,  since,  in  the  present 
state  of  the  art,  the  values  of  deposited  capacitors  are  on  the 
order  of  picofarads.  A  negative  capacitance  might  be  used  to 
increase  significantly  the  affective  deposited  capacitance, 
thus  alleging  the  circuit  designer  to  work  with  e  much  wider 
range  of  capacitor  values. 

8<th  phase  plane  analysis  end  Bendixson’s  negative 
criterion  have  been  used  to  prove  that  none  of  the  second  order 
networks  can  be  made  to  support  an  undamped  oscillation  due  to 
the  Inclusion  of  the  nonlinear  capacitance.  These  proofs  and 
energy  conslderat ions  have  been  used  to  show  that  none  of  the 
third  order  networks  arc  capable  of  osciilatfon. 
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Singular  point  analysis  Indicates  that  all  of  these 
networks  have  two  stable  singularities;  hence,  all  are  poten¬ 
tial  switching  circuits;  however,  it  is  pointed  out  that  some  of 
the  networks  would  make  more  practical  switches  than  other  net¬ 
works  due  to  the  fact  that  the  location  of  the  singular  points 
can  be  changed  by  varying  the  constant  voltage  applied  to  the 
network.  One  of  these  circuits  has  been  simulated  on  an  analog 
computer,  and  switching  action  from  each  stable  singularity  to 
the  other  one  has  been  demonstrated.  The  amplitude  of  the 
switching  pulse  as  well  as  its  duration  has  been  onsldered  in 
this  study.  Such  e  capacitance  should  be  quite  useful  as  a 
lossless  storage  device,  for  when  the  capacitor  is  In  either  of 
'ts  stable  states  no  current  flows,  hence  no  power  is  disst- 

ns»a«l 

Nonlinear  negative  capacitance  has  been  prod  iced  in 
the  laboratory  by  means  of  a  negative  impedance  converter  cir¬ 
cuit.  This  NhC  has  the  expected  dissipative  element  associated 
with  it  as  well  as  parasitic  positive  shunt  capacitance.  The 
lumped  model  predicted  analytically  has  been  verified  by  both 
AC  steady  state  and  transient  measurements.  At  the  frequencies 
used  for  testing  no  inductive  effect  is  expected  or  noted  in 
measurements.  Use  of  this  realizable  negative  capacitance  as 
a  circuit  element  has  been  demonstrated  by  measurements  made 
to  confirm  capacitance  cancellation  and  mu  ttpllcation. 
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.KT«rT  An  analytical  stuav  1b  made  or  the  behavior  o:  a  certain  cia#B  or  ku;  networks  whlcn 
d'htSin  a'-r.hnoretlcal  nonlinear  negative  capacitance  along  with  various  possible  combinatior  s  of 


constant  parasitic  eisme.-its 


a-e  certain  to  be  present 


any  physical  realization  of  this 


type  of  capacitance  The  theoretical  capaclror  io  define  !  In  terms  of  its  charge-volt age  relation 
ship,  i.e  .  e  »  -  aq  +  bq3.  where  e  is  the  voltage  across  the  terminals  of  the  capaaitor,  q  is  lr« 
charge  associated  with  the  capacitor,  and  a  and  b  are  arbitrary,  positive,  real  constants. 

This  study  Js  directed  toward  an  evaluation  of  the  usefulness  of  a  nonlinear  negative  raped- 
tance  In  a  network  to  accomplish  either  amplification  or  oscillation  or  switching. 

In  order  for  s  network  to  be  useful  an  an  amplifier,  its  3mall-oignal  model  Dust  be  stable. 
Therefore,  for  t.ils  part  of  the  study  the  nonlinear  c.pacitor  is  represented  by  a  linear,  negstlv* 
capacitance  of  the  24  networks  defined  for  tnls  atudv  only  2  are  round  to  be  possibly  stable 
Both  of  these  networks,  and  only  tneae  networks,  have  a  poeltlve  capacitor  In  series  with  the  as¬ 
sumed  negative  capacitor. 

Singular  point  analysis  diacloses  tr.at  any  of  th  defined  networks  may  have  2  stable  equlllb- 
t  Icjn  poin.j  This  Is  the  basic  criterion  for  a  bistable  device,  so  the  conclusion  Is  that  non¬ 
linear  capacitance.  like  nonlinear  resistance,  can  te  used  effectively  to  construct  a  switching 
circuit  Fhas*  piano  plots  ol  one  of  the  Second  order  networks  are  included  to  Illustrate  switch¬ 
ing  f rora  sach  stab  .  singularity  to  the  other. 

It  Is  proven  . y  phase  piane  methods  that  none  of  the  second  order  systems  can  support  a  sus¬ 
tained  oscillation  An  argument  basto  on  energy  relationships  and  or.  the  nonoscillatory  nature  of 
the  second  ordnr  -etworks  is  presented  to  show  that  none  of  the  third  order  networks  can  serve  as 
osciila'ors.  hence,  the  results  here  Indicate  that,  unlike  negative  resistance,  negative  capaol- 
tance  cannot  be  usei  as  the  mechanism  oy  wnlch  osolllation  is  induced  in  a  pateive  network  which 
eon;ai.os  dies  Ipat  1-.  e  elements. 

nonlinear  negative  capacitance  has  been  realised  by  means  of  a  transistor  negative  Imped - 
■  *ce  converter  circuit  Prom  analysts  of  the  negative  impedar.ee  converter,  the  lumped  model  of 
n.t’-'lve  capacitance  Is  predicted  to  be  a  nonlinear,  frequency-dependent  resistor  ir.  „erl»s  with 
nonlinear,  frequency-dependent  negative  capac'*-o-  The  locus  if  the  tip  of  the  complex  Impedance, 
a  function  of  frequency.  Is  predicted  in  thla  analysis;  this  locus  w*s  subsequently  verified  b 
.steadv  state  measurements  In  the  laboratory.  Although  not  condde.vd  m  the  analytical  study, 
he  effect  of  unavoidable  stray  capacitance  was  seen  In  the  experimental  results 

The  square  wave  response  of  the  negtblve  Impedance  converter  Is  also  obtained,  and  a  rela- 
tlonsrl;  ..etween  the  .steady  8-ate  square  wave  response  and  the  vaiues  of  the  model  is  derived 
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